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Abstract
In recent years, constitutive modeling and numerical analysis of the behavior of anisotropic ma-
terials, particularly transversely isotropic and orthotropic materials, have attained increasing at-
tention. The attention is mainly due to the wide range of applications of these materials in
engineering industries and biomedical technologies. This work aims to develop a constitutive
model for transversely isotropic materials undergoing thermo-mechanically coupled finite defor-
mations. The model is based on the idea of multiplicative decomposition of the deformation gra-
dient. Furthermore, the work aims to examine whether the model is able to simulate the behavior
of transversely isotropic material under isothermal and thermo-mechanical coupled loadings by
performing some numerical experiments based on high-order finite elements.
First of all, a constitutive model for the case of isothermal transversal isotropy is formu-
lated. The proposed model is an extension of the volumetric/isochoric decoupling of the de-
formation gradient, where the isochoric part is decomposed into two parts, one part containing
only the deformation along the preferred direction, while all remaining deformations are in-
cluded in the other part. This formulation has the advantage that it leads to a clear split of
the stress-state, i.e., the stress along the preferred direction is separated from the remaining
stresses. Additionally, the proposed model overcomes the obstacle related to the application
of volumetric/isochoric decomposition to anisotropy. The formulation is, then, extended to the
case of a thermo-mechanically coupled problem, where a thermodynamically consistent con-
stitutive model for transversal isotropy is developed. Moreover, a directionally dependent, i.e.,
transversely isotropic, heat flux vector is derived, taking the anisotropy in heat conductivity into
account.
The proposed model is implemented into a high-order finite element code, in which the p-
version finite element method and the high-order diagonally implicit Runge-Kutta (DIRK) meth-
ods are used for the spatial and time discretizations, respectively. In p-FEM, the accuracy of
the solution is improved by increasing the polynomial degree of the elements, which makes
p-FEM more convenient for the analysis of thin structures, like in the case of laminated com-
posites. Thus, computations are carried out in order to investigate the behavior of the proposed
model with different numerical examples. To this end, the influence of different factors on the
response of transversely isotropic material under isothermal and/or thermo-mechanical loadings
is discussed, namely: existence of anisotropy, orientation of the preferred direction, anisotropic
thermal expansion and anisotropic heat conductivity. Furthermore, the efficiency of the p-version
implementations is demonstrated by comparing them with two different h-version finite element
implementations.
v
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1. Introduction
1.1. Motivation
In physical reality – in order to avoid unexpected and risky failures – it must be verified whether
the design requirements of a structure subjected to specific loading conditions are met, based on
a careful analysis and prediction of the material behavior under the applied working conditions.
However, experimental analysis of material behavior is expensive and time consuming. Con-
sequently, there is a need to find mathematical models to describe the behavior of the material
under consideration with a few material parameters that can be obtained from simple experi-
ments. The mathematical models are mostly complicated and can not be solved analytically,
due to complexities in materials behavior, such as anisotropy and inhomogeneity. Thus, ap-
proximated numerical solutions are developed using, for example, finite element methods. The
numerical solutions have to fulfill the requirements of reliability and efficiency, i.e., the errors
associated with the approximated solution should be minimized and the computation time should
be kept reasonable. One approach within the framework of non-linear Continuum Mechanics,
frequently, used in constructing constitutive models is the multiplicative split of the deformation
gradient. According to this approach, the deformation gradient is multiplicatively decomposed
into specific parts related to specific deformations. This approach is effectively applied in the
modeling of various coupled problems, e.g. elastoplasticity, viscoelasticity, viscoplasticity, . . .
etc. Concerning finite element methods, the superior performance of high-order finite elements
over the classical finite element implementation in the analysis of diverse physical problems is
evident.
yearsIn recent years, constitutive modeling and numerical analysis of the behavior of anisotropic
materials, particularly transversely isotropic and orthotropic materials, attained increasing atten-
tion. The motive of this attention is the wide range of applications of these materials in en-
gineering industries and biomedical technologies, see e.g. (Holbery and Houston, 2006) and
(Bronzino, 2006). In the case of finite deformation transversal isotropy, the hyperelastic behav-
ior is well investigated and numerous constitutive models are formulated in the literature, see
Sec. 1.2. However, according to my knowledge, the thermo-hyperelastic coupled behavior has
not been adequately addressed yet. This thesis aims to fill the gap in the modeling of transversal
isotropy. Thus, this work is motivated by the interest of mathematical formulation of a constitu-
tive model, using the approach of multiplicative decomposition, and employment of reliable and
efficient numerical implementation, based on high-order finite elements, to analyze the behavior
of general, slightly compressible transversely isotropic materials undergoing thermo-mechanical
coupled finite deformations.
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1.2. Literature Review
Finite deformation anisotropy, transversal isotropy and orthotropy in particular, is frequently ap-
plied in the constitutive modeling of the behavior of fiber-reinforced elastomers and biological
soft tissues. There are numerous publications in the literature dealing with this subject, in which
the strain-energy function used for modeling the isotropic hyperelasticity is reinforced with an
anisotropic strain-energy function associated to the deformation arising from anisotropy. Ac-
cording to (Helfenstein et al., 2010), this approach was first applied by (Weiss et al., 1996). The
behavior of biological joints is investigated by (Almeida and Spilker, 1998), based on model-
ing the soft tissues as an incompressible transversely isotropic material. (Holzapfel and Og-
den, 2010) reviewed and summarized the mathematical models treating the constitutive model-
ing of the behavior of arteries, drawing on anisotropic soft tissues. A well known constitutive
model describing the behavior of arteries was proposed by (Holzapfel et al., 2000). Nevertheless,
(Helfenstein et al., 2010) showed that a non-physical effect is associated to the models presented
in (Weiss et al., 1996) and (Holzapfel et al., 2000). The active and passive responses of skeletal
muscles are characterized by numerous models, e.g. (Odegrad et al., 2008), (Tang et al., 2009)
and (Calvo et al., 2010). (Calvo et al., 2009) and (Pena et al., 2011) studied the damage process
and softening behavior of vaginal tissues, respectively.
The existence of a solution for boundary-value problems is guaranteed by the property of poly-
convexity. The polyconvexity of strain-energy functions for different types of anisotropy was
investigated by many authors, see e.g. (Schröder and Neff, 2003), (Steigmann, 2003), (Itskov
and Aksel, 2004), (Kambouchev et al., 2006), (Itskov et al., 2006), (Kambouchev et al., 2007)
(Schröder et al., 2008) and (Ebbing, 2010), and the references cited therein. Within the frame-
work of the invariants theory, (Schröder and Neff, 2003) formulated a polyconvex constitutive
model for the case of transversal isotropy. (Schröder et al., 2005) proposed an anisotropic strain-
energy function, which is applicable for modeling soft tissues, and compared the results of the
proposed model with two models from the literature. Later on, (Balzani et al., 2006) presented a
polyconvex strain-energy function for modeling soft tissues with fewer material parameters than
those in (Schröder et al., 2005). Their model is based on the idea of case distinction - applied by
(Holzapfel et al., 2000) - in which the anisotropic part of the strain-energy function is set to be
zero for shortening deformations along the fiber direction. (Ehret and Itskov, 2007) developed
a strain-energy function that is applicable to different types of soft tissues, where scalar weight-
ing factors are used to define so-called generalized structural tensors drawing on the structural
tensors defined by the fiber orientations.
As mentioned above, in the modeling of anisotropic hyperelasticity, it is common to split the
strain-energy function into two parts: one that is described by a classical model of isotropy and
another part representing the anisotropy. The anisotropic part of the strain-energy function is fre-
quently assumed to be connected to the stretch in the axis of isotropy only, i.e. considering only
one of the two invariants emerged by anisotropy, see (Weiss et al., 1996), (Qiu and Pence, 1997),
(Holzapfel et al., 2000), (Markert et al., 2005), (Balzani et al., 2006) (Brown and Smith, 2011)
and (Yosibash and Priel, 2011), among others. This approach simplifies the problem and reduces
the number of material parameters (Holzapfel et al., 2000). Both the application and the need
to develop anisotropic hyper-elasticity relations for engineering purposes can be seen in rubber-
2
like composite materials. Some manufacturing processes cause the isotropic rubber-like solids to
show an anisotropic behavior, such as in the case of calendered plates of filled rubber, see (Diani
et al., 2003) and (Diani et al., 2004), for example. These authors proposed a constitutive model, in
which the strain-energy function depends on the material directions instead of the principal direc-
tions of the deformation gradient tensor. Ciarletta et al. (2011) proposed the definition of a “novel
deformation tensor” for the modeling of incompressible hyper-elastic fiber-reinforced materials
and compared the results of the model with the experimental data of two different fiber-reinforced
composites. (Sussman and Bathe, 2009) proposed a model for incompressible isotropic materials
based on an additively decomposed free energy in terms of principal logarithmic strains, drawing
on spline interpolations of experimental data from tension/compression tests. This approach is
extended to the case of incompressible transversal isotropy and used to simulate the behavior
of calendered rubber and biological tissues, see (Latorre and Montans, 2012) and (Latorre and
Montans, 2013). Cellular materials, such as open-cell foams, show anisotropic behavior on the
macroscopic scale, see (Schmitt and Diebels, 2005). This behavior complicates the modeling of
these materials. (Diebels et al., 2005) developed a numerical approach to model the behavior of
open-cell foams. The approach is based on a second-order homogenization scheme, taking the
issue of macroscopic anisotropy into account.
The volumetric/isochoric decomposition of the strain-energy function, which goes back to
(Flory, 1961) for the case of isotropy, is commonly used to simulate nearly incompressible
isotropic materials, - see, for instance, (Hartmann and Neff, 2003) and the references cited
therein. This concept is also applied also in the case of anisotropy, see (Holzapfel et al., 2000),
(Rüter and Stein, 2000), (Rubin and Jabareen, 2008), (Guo et al., 2008), (Calvo et al., 2009),
(Guo and Caner, 2010) and (Pena et al., 2011). (Lu and Zhang, 2005) used the idea of volu-
metric/isochoric decomposition of the deformation gradient to propose a constitutive model for
transversely isotropic solids. They introduced an alternative approach for constructing physically
motivated strain invariants to that used in (Criscione et al., 2001). A further development that
follows the concept of multiplicative decomposition serves to divide the deformation gradient
into two parts: an uniaxial deformation along the direction of the fibers and another part that is
interpreted as a particular shear deformation for modeling incompressible soft tissues, see (Guo
et al., 2006, 2007). Later on (Guo et al., 2008) applied a similar concept of multiplicative decom-
position to model compressible transversely isotropic materials, assuming an isochoric uniaxial
deformation along the direction of anisotropy followed by another two deformations. The model
proposed in their treatise shows the disadvantage that “the iso-choric uniaxial deformation along
the preferred direction of the material is associated with a uniaxial stress state, which is not true
for general compressible transversely isotropic materials”, as reported by the authors.
In many applications, hyperelastic materials are subjected to finite deformations combined
with an increase or decrease in temperature. Thus, the materials undergo thermo-mechanical
coupled finite deformations. Models for this coupled problem within the framework of Contin-
uum Mechanics can also be achieved by following the approach of a multiplicative split, decom-
posing the deformation gradient tensor into a thermal and a mechanical part. This approach was
first presented in the work of (Stojanovic et al., 1964) and (Stojanovic, 1969), and has since con-
tributed significantly to the formulation of thermo-mechanical coupled constitutive models for
isotropic materials, see e.g. (Lu and Pister, 1975), (Lion, 2000), (Vujosevic and Lubarda, 2002),
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(Lubarda, 2004), (Heimes, 2005), (Hamkar and Hartmann, 2012), (Darijani and Naghdabadi,
2013) and (Yosibash et al., 2014) among others. A comparison between this approach and the
classical formulation of finite strain thermoelasticity was carried out by (Vujosevic and Lubarda,
2002). In the classical modeling no decomposition is applied - and the constitutive relations are
obtained from the assumed strain-energy function, see (Chadwick, 1974), (Miehe, 1995), (Gurtin
et al., 2011) and references cited therein. For the case of anisotropy, (Huang et al., 2011) used
experimental data obtained from uniaxial tension tests to propose a strain-energy function for in-
compressible fiber-reinforced rubber composites. The thermo-elasticity of ideal fiber-reinforced
materials, which are assumed to be incompressible and inextensible in the fiber direction, is in-
vestigated by (Mic´unovic´, 1982). The literature provide no work that deals with the application
of the approach of multiplicative decomposition to the constitutive modeling of general com-
pressible anisotropic materials. The issue is treated in this thesis, under consideration of the
thermo-mechanical transversely isotropic problem.
Finite element methods play a central role in Computational Mechanics, providing an effi-
cient approach for analyzing materials behavior by carrying out numerical experiments. Due
to the nearly incompressible behavior of biological soft tissues and rubber-like anisotropic ma-
terials, the numerical computations require particular elements to overcome volumetric locking
phenomena. To this end, the application of high-order finite elements is favorable. This ap-
proach makes use of hierarchical shape functions based on the integrated Legendre polynomials.
This element formulation goes back to (Babus`ka and Suri, 1992a), see (Düster, 2001) as well.
It has been demonstrated that p-version finite element method (p-FEM), with a proper polyno-
mial degree, is locking free in isotropic linear elasticity (Babus`ka and Suri, 1992a), (Babus`ka
and Suri, 1992b), and in the analysis of neo-Hookean solids at finite deformations (Heisserer
et al., 2008). Furthermore, the p-FEM was efficiently applied in the finite deformation analysis
of various physical problems, i.e. hyperelasticity (Düster et al., 2003), (Yosibash et al., 2007)
and (Netz et al., 2013a), viscoelasticity (Netz et al., 2013b), thermo-visoelasticity (Netz, 2013)
and in the modeling of open-cell foams (Düster et al., 2005). The use of elements with high
p-level makes the p-FEM more convenient for the analysis of thin structure problems, such as
laminated fiber-reinforced composites (Yosibash and Priel, 2011) and (Al-Kinani et al., 2014).
(Yosibash and Priel, 2011) applied p-FEM to simulate the behavior of arteries in term of the
model proposed by (Holzapfel et al., 2000), and compared the results to the classical h-version
finite element implementation. On the other hand, temporal discretization is required in the anal-
ysis of transient problems.1 Temporal discretization is carried out by integrating the governing
equation over time. the application of high-order time integration methods leads to more effi-
cient finite element computations. It has been demonstrated by many authors in the literature
that the high-order diagonally implicit Runge-Kutta (DIRK) methods are superior and efficient
for performing computations to solve different types of problems, see (Diebels et al., 1999),
(Ellsiepen and Hartmann, 2001), (Hartmann, 2002a), (Hartmann, 2006b), (Hartmann and Bier,
2008), (Hartmann et al., 2008) and (Hamkar and Hartmann, 2012). The combination of p-FEM
1Transient problems consisting constitutive equations of evolutionary type, such as the problem of thermoelas-
ticity, in which the temperature evolves with time, and the problem of viscoelasticity, in which the internal variables
are defined by evolution equations.
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with high-order DIRK-methods result in a robust tool, allowing for highly accurate and efficient
finite element computations (Netz, 2013).
1.3. Layout of the Thesis
As the motivation of this work and a literature review are presented in this chapter, the theoretical
background of the present work, represented by preliminaries of Continuum Mechanics, is intro-
duced in Chapter two. Kinematics, the principle of stress and balance relations are outlined in
this context. Additionally, the principles of constitutive modeling and representation of isotropic
tensor functions are summed up.
The formulation of isothermal hyperelastic constitutive model is presented in Chapter three,
beginning with the volumetric/isochoric decomposition of the deformation gradient, which is
widely applied to modeling nearly incompressible solids. This decomposition is extended by a
further decoupling of the isochoric part into two parts, one part describing the deformation in
the preferred direction and another part containing all remaining deformations. Consequently, an
additively decomposed form of strain-energy function is proposed. Constitutive relations for the
stress-state are derived and investigated drawing on some analytical examples. Finally, a short
comparison between the proposed and classical approaches is carried out.
In Chapter four the formulation is extended to thermo-hyperelastic transversal isotropy, mak-
ing use of the thermo-mechanical multiplicative decomposition of the deformation gradient. A
strain-energy function, taking the temperature effects into consideration, is defined and employed
in the dissipation inequality, from which the constitutive relations for the coupled problem are
obtained. In order to make the analysis of the problem more comprehensive, a transversely
isotropic heat flux vector is derived. The formulation ends with the derivation of the heat con-
duction equation.
Chapter five deals with the numerical treatment of the problem under consideration. The p-
version finite element method is introduced briefly, followed by the formulation of the strong and
weak forms of the thermo-mechanically coupled problem. The essential steps of the procedure
employed in the numerical solution, which is performed using high-order in space and time
computations, are outlined.
Some numerical examples are presented in Chapter six, demonstrating the capability of the
proposed models to simulate the behavior of transversely isotropic structures under isothermal
and thermo-mechanically coupled loading states. The influence of different factors on the re-
sponse of the examined structures is investigated.
Lastly, in Chapter seven the work presented in this thesis is recapped and some notions for
future work are proposed.
5

2. Preliminaries of Continuum
Mechanics
Continuum Mechanics is focused on the analysis of the kinematics and material properties of
material bodies, denoted by B, which are assumed to be continuous and infinitely sub-dividable
into particles represented by P ∈ B. There are numerous textbooks dealing with Continuum
Mechanics, for example (Truesdell and Noll, 2004), (Eringen, 1980), (Malvern, 1969), (Chad-
wick, 1999), (Marsden and Hughes, 1994), (Ogden, 1997), (Haupt, 2002), (Holzapfel, 2000),
(Hutter and Jöhnk, 2004), (Gurtin et al., 2011) and (Tadmor et al., 2012), among more oth-
ers. The aim of this chapter is to briefly outline the fundamental relations within the basic fields
of Continuum Mechanics, namely kinematics, the concept of stresses, principles of balance re-
lations, principles of constitutive modeling and representation of tensor functions, where these
fields represent the background of the present work.
2.1. Kinematics
Kinematics in Continuum Mechanics deals with the description of motion of a continuum. We
start with a material body B(P), which consists of a set of material points P , i.e., B = { P },
that can be replaced in one-to-one correspondence with a triple of real numbers. The description
of the position of all material points (particles) P ∈ B in the Euclidean space E3 identifies the
configurationK of B. At a fixed (or initial) time, the configurationK = R is called the reference
configuration, and is defined by the mapping
R :
{
B →R[B] ⊂ E3
P 7→R(P) =X ⇐⇒ P = R−1(X). (2.1)
After deformation takes place, the material body B deforms and moves, and at time t ∈ R+ it
occupies a configuration χt called the current configuration, which is expressed by the mapping
χt :
{
B → χt[B] ⊂ E3
P 7→ χt(P) = x.
(2.2)
The vectors X and x describe the material (or Lagrangian) and spatial (or Eulerian) coordinates
of the material pointP , and they identify its position in the reference configuration R and current
configuration χt, respectively, as shown in Fig. 2.1. A motion of a material body B can be
7
R[B] χt[B]
B
X x
P ∈ B
R(P) χt(P)
χ(X, t)
Figure 2.1.: Material and spatial coordinates in the reference and current configurations.
represented by a sequence of mapping by a deformation function χ( · , t) which, for each time t,
maps R into χt
x = χ(X, t), (2.3)
and to ensure that X and x are in one-to-one correspondence, χ should has an inverse χ−1 at
each time t, such that
X = χ−1(x, t). (2.4)
The deformation gradient, denoted by the second-order tensor F, which maps the elements of the
material body B from the reference configuration R to the current configuration χt, is defined
as the gradient of the motion of the material body B, i.e.,
F = Gradχ(X, t) =
∂χ(X, t)
∂X
(2.5)
In order to demonstrate the interpretation of F, consider two smooth curves C(ξ) and c(ξ),
which consist of a set of material points and contain pointsX and x, in the reference and current
configuration, respectively, as shown in Fig. 2.2, i.e.
ξ −→ C(ξ), C(ξ0) =X (2.6a)
and
ξ −→ c(ξ) = χ (C(ξ), t) , c(ξ0) = x. (2.6b)
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R[B] χt[B]
F = Gradχ(X, t)
X = C(ξ0) x = c(ξ0)
dX = C ′(ξ0)
dx = c′(ξ0)
C(ξ)
c(ξ)
E1
E2
E3
e1
e2
e3
Figure 2.2.: Geometrical interpretation of the deformation gradient tensor F.
The tangent vectors to the smooth curves C(ξ) and c(ξ) at material points X and x read
dX =
d
dξ
C(ξ)dξ|ξ=ξ0 = C(ξ)dξ|ξ=ξ0 = C ′(ξ0)dξ (2.7a)
and
dx =
d
dξ
c(ξ)dξ|ξ=ξ0 = c(ξ)dξ|ξ=ξ0 = c′(ξ0)dξ, (2.7b)
respectively. Making use of the chain rule, c′(ξ) can be written as
c′(ξ) = Gradχ (C(ξ), t)C ′(ξ), (2.8)
which, for ξ = ξ0, follows
c′(ξ0)︸ ︷︷ ︸
dx
= Gradχ (C(ξ0), t)︸ ︷︷ ︸
Gradχ(X,t)
C ′(ξ0)︸ ︷︷ ︸
dX
, (2.9)
i.e. a material line element dX in R is mapped into a material line element dx in χt as
dx = FdX, (2.10)
and since dX and dx are in one-to-one correspondence, the inverse of F must exist, such that
F−1 = gradχ−1(x, t) =
∂χ−1(x, t)
∂x
=
∂X
∂x
, (2.11)
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where the existence of such a unique inversion is guaranteed by a non-vanishing of the determi-
nant of F denoted by J , i.e.
J := detF 6= 0, (2.12)
which is required to be greater than zero, J > 0, for all deformations so that the body can not
interpenetrate itself. If the displacement vector
u(X, t) = x−X = χ(X, t)−X (2.13)
is introduced as shown in Fig 2.3, there follows
F = Gradχ(X, t) = Grad(u+X) = Gradu+ 1, (2.14)
where 1 is a second-order identity tensor. Furthermore, the transformation of a material surface
element dA = dX1 × dX2 and a material volume element dV = (dX1 × dX2) · dX3 defined
in the reference configuration to their identical material elements da = dx1 × dx2 and dv =
(dx1 × dx2) · dx3 in the current configuration is given by
da = dx1 × dx2 = FdX1 × FdX2 = (detF)F−T(dX1 × dX2)
= (detF)F−TdA = (cof F)dA, (2.15)
and
dv = (dx1 × dx2) · dx3 = (FdX1 × FdX2) ·FdX3
= detF [(dX1 × dX2) · dX3] = (detF) dV = JdV, (2.16)
respectively, where cof(•) is the cofactor of a tensor field (•) and is defined as
cof(•) =
(
det(•)
)
(•)−T (2.17)
The statements in Eqs.(2.16) results from the identity
(Aa×Ab) ·Ac = detA [(a× b) · c] , (2.18)
which is valid for any second order tensorA and vectors a,a,a ∈ V3, and it follows the identity
AT(Aa×Ab) = detA(a× b), (2.19)
which is the base of the statement in Eq.(2.15). The material derivative (partial respectively total
time derivative) of the motion of a material line element follows its velocity
v = vˆ(X, t) =
∂
∂t
χ(X, t) (2.20a)
in material representation, and
v = v¯(x, t) = vˆ
(
χ−1(x, t), t
) (2.20b)
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in spatial representation, while its acceleration is the material derivative of the velocity, which
reads
a = aˆ(X, t) =
∂
∂t
vˆ(X, t) =
∂2
∂t∂t
χ(X, t) (2.21a)
and
a = a¯(x, t) =
∂
∂t
v¯(x, t) +
(
grad v¯(x, t)
)
v¯(x, t) (2.21b)
in material and spatial representation, respectively, see (Haupt, 2002).
L = L(x, t) = grad v¯(x, t) = F˙F−1 (2.22)
is the spatial velocity gradient, which can be additively decomposed into a symmetric part repre-
sents the strain-rate tensor D and a skew symmetric part represents the spin tensor W, i.e,
L = D+W, (2.23)
with
D = 1
2
(
L+ LT
) (2.24a)
and
W = 1
2
(
L− LT) . (2.24b)
The time derivatives of material line element dx, material surface element da and material
volume element dv are given by the relations1
[dx] · = Ldx (2.25a)
[da] · = [(trL)1− LT] da (2.25b)
[dv] · = (trL)dv. (2.25c)
The deformation gradient tensor F can be multiplicatively decomposed into two tensors, one of
them representing a rotation and the other representing a pure stretch, so
F = RU = VR, (2.26)
where U and V are called the right and left stretch tensors, respectively, which are symmetric,
positive definite and have the same eigenvalues. R is a rotation tensor, which is proper orthogonal
RRT = RTR = 1, detR = +1. (2.27)
1For proof, see (Haupt, 2002, Theorem 1.5).
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R[B]
χt[B]
F = Gradu+ 1
u(X, t)
X
x = χ(X, t)
E1
E2
E3
e1
e2
e3
Figure 2.3.: The deformation gradient tensor in term of the displacement vector u(X, t).
The squares of the stretch tensorsU andV result in the two important tensors, namely, the right
Cauchy-Green tensor
C = FTF = U2 (2.28a)
and the left Cauchy-Green tensor
B = FFT = V2. (2.28b)
Using C and B, two strain measures can be defined by
E = 1
2
(C− 1) (2.29a)
and
A = 1
2
(
1−B−1) , (2.29b)
where E and A are called Green strain tensor and Almansi strain tensor, which operate in the
reference and current configurations, respectively.
The push-forward and pull-back operators are applied to transform quantities from the ref-
erence to the current configuration and from the current to the reference configuration, respec-
tively. Concerning the strain and strain-rate measures, the push-forward F−T(•)F−1 and pull-
back FT(•)F are applied, where (•) is any strain or strain-rate tensor operating in the reference
or current configuration. Thus, A can be computed by applying the push-forward operator to E
A = F−TEF−1 = 1
2
(
F−TCF−1 − F−T1F−1) = 1
2
(
1−B−1) , (2.30a)
and similarly, E can be obtained by applying the pull-back operator to A
E = FTAF = 1
2
(C− 1) . (2.30b)
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2.2. Concept of Stress
The concept of stress-state, which characterizes the surface forces at a material point by a set of
traction vectors acting on a set of surfaces passing that point, is described by the Cauchy stress
tensor, which can be explained as follows: let x ∈ χt be a material point on the surface element
da = nda, which has a normal unit vector n passing through x, and t representing the traction
vector acting on the surface da. Then, according to Cauchy’s theorem, the traction vector t is
the mapping of the normal vector n by the stress tensor T, as shown in Fig. 2.4(b), i.e.,
t(x, t,n) = T(x, t)n, (2.31)
where t(x, t,n) and T(x, t) are called Cauchy stress vector and Cauchy stress tensor, respec-
tively. Similarly, the relation
tR = TRnR, (2.32)
can be introduced, where tR and nR has the same meaning as t and n, respectively, but they
are defined relative to the reference configuration R, as shown in Fig. 2.4(a). tR and TR are
called Piola-Kirchhoff stress vector and first Piola-Kirchhoff stress tensor, respectively. Using
Eqs.(2.15) and (2.31) and introducing the definition of the body force
f = Tda = TRdA, (2.33)
the first Piola-Kirchhoff stress tensor TR can be related to Cauchy stress tensor T
Tda = T(JF−TdA) = JTF−T︸ ︷︷ ︸
TR
dA,
i.e. the first Piola-Kirchhoff stress tensor reads
TR = JTF
−T, (2.34)
which is a non-symmetric tensor and has the physical interpretation of stress measured relative
to the undeformed area dA = nRdA. Another convenient stress measure is the second Piola-
Kirchhoff stress tensor T˜, which is defined by the pull-back of the Cauchy stress tensor, i.e.
T˜ = JF−1TF−T, (2.35)
and is related to TR by
T˜ = F−1TR. (2.36)
In contrast to TR, T˜ is a symmetric tensor and has no direct physical interpretation.
The power of internal forces (or the stress power) Li is defined in the spatial representation as
Li =
∫
v
T ·L dv, (2.37)
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tR = TRnR
nR
dA
R[B]
(a) Reference configuration
t = Tn
n
da
χt[B]
(b) Current configuration
Figure 2.4.: Stress vectors and normal unit vectors in reference configuration (a) and current
configuration (b).
where ( · ) refers to the dot (or scalar) product. Due to the symmetry of Cauchy stress tensor
T, which is a consequence of the balance of angular momentum as explained in Sec. 2.3.2, the
stress power can be written as
Li =
∫
v
T ·Ddv, (2.38)
which indicates that T and D are work conjugate variables (or power conjugate). Other pairs of
work conjugate are TR with F˙ and T˜ with E˙, by which the material representation of the stress
power is formulated as
Li =
∫
V
TR · F˙dV =
∫
V
T˜ · E˙dV. (2.39)
2.3. Balance Relations
In Continuum Mechanics there are some fundamental principles which are applicable to any
kind of material, without concern of its composition and shape. These principles, often called
balance relations or balance laws, deal with conservation of mass, balance of linear and angular
momentum, conservation of energy and entropy inequality. These principles are explained in the
following subsections.
2.3.1. Conservation of Mass
This principle determines that the mass of a body B remains unchanged during the deformation.
This means that the mass of the body in the current configuration m(B, t) is equal to the mass of
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the body in the reference configuration m(B), such that
d
dt
m(B, t) = 0⇐⇒ m(B, t) = m(B), (2.40)
which leads to
d
dt
m(B, t) = d
dt
∫
v
¯̺(x, t) dv =
∂
∂t
∫
V
ˆ̺R(X, t) dV = 0, (2.41)
where in these representations ̺ and ̺R are the mass densities of the material body B in the
current and the material configuration, respectively. Furthermore, making use of Eq.(2.16), the
relation
̺R =
(
detF
)
̺. (2.42)
between the mass densities ̺R and ̺ is valid. Moreover, it follows from Eq.(2.41) that the mass
density of the reference configuration is constant in time, i.e.
∂
∂t
ˆ̺R(X, t) = 0 =⇒ ̺R = ˆ̺R(X) . (2.43)
For the spatial representation in (2.41) the calculation of the material time derivative is required,
in which the integration is carried out over the volume of the reference configuration,1 such that
d
dt
∫
v
¯̺(x, t) dv =
∂
∂t
∫
V
ˆ̺(X, t) detF(X, t)dV
=
∫
V
[
˙̺ˆ(X, t) detF (X, t) + ˆ̺(X, t) detF(X, t) tr(F˙F−1)
]
dV. (2.44)
Converting the result in (2.44) back to the current configuration yields
d
dt
∫
v
¯̺(x, t) dv =
∫
v
[
˙̺¯(x, t) + ¯̺(x, t) div v¯(x, t)
]
dv = 0, (2.45)
leading to
˙̺ + ̺ div v = 0. (2.46)
The result in (2.46) can be written as
∂̺
∂t
+ div(̺v) = 0, (2.47)
where the material time derivative of the density
˙̺(x, t) =
∂
∂̺
(x, t) + (grad ̺(x, t)) ·v(x, t)
and the product rule
(grad ̺) ·v + ̺ (div v) = div (̺v)
are inserted.
1See (Haupt, 2002, Sec.2.2.2) for more details.
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2.3.2. Balance of Linear and Angular Momentum
The linear momentum J(B, t) of a body B in the current configuration is defined by
J(B, t) =
∫
v
̺(x, t)v(x, t) dv =
∫
V
̺R(X)v(X, t) dV. (2.48)
Assuming a body under the action of a stress vector t on its surface da and a body force per unit
mass f (x, t), the external force F (B, t) on the body is
F (B, t) =
∫
a
t (x, t) da+
∫
v
̺ (x, t)f (x, t) dv. (2.49)
The balance of linear momentum states that the time derivative of J(B, t) is equal to the external
force F (B, t), i.e.
d
dt
J(B, t) = F (B, t), (2.50)
leads to
d
dt
∫
v
̺(x, t)v(x, t)dv =
∫
a
t (x, t) da+
∫
v
̺(x, t)f(x, t)dv. (2.51)
Applying the Cauchy’s theorem, i.e. Eq.(2.31), followed by the divergence theorem to the first
term of the right-hand side of Eq.(2.51), implies the global form of balance of linear momentum
in the spatial representation∫
v
(
̺ (x, t)
d
dt
v (x, t)− divT (x, t)− ̺ (x, t)f (x, t)
)
dv = 0. (2.52)
In the same way, the global form of balance of linear momentum can be formulated relative to
the reference configuration1∫
V
(
̺R (X)
∂
∂t
v (X, t)−DivTR (X, t)− ̺R (X)f (X, t)
)
dV = 0. (2.53)
Thus, the local forms of balance of linear momentum in spatial respectively material representa-
tion read
divT (x, t) + ̺f = ̺
d
dt
v (x, t) (2.54a)
DivTR (X, t) + ̺Rf = ̺R
∂
∂t
v (X, t) . (2.54b)
1See (Tadmor et al., 2012, Sec.4.4).
16
For quasi-static analysis, the local forms of balance of linear momentum in spatial and material
representations takes the form
divT (x, t) + ̺f = 0 (2.55a)
and
DivTR (X, t) + ̺Rf = 0, (2.55b)
respectively.
The balance of angular momentum (or moment of momentum principle) states that the time
derivative of the angular momentumDC(B, t) of a body is equal to the external momentM C(B, t)
of all forces acting on the body. The angular momentum DC(B, t) is defined as the moment of
the momentum J(B, t) in Eq.(2.48)
DC(B, t) =
∫
v
(x− c)× ̺(x, t)v(x, t) dv
=
∫
V
(χ(X, t)− c)× ̺R(X)v(X, t) dV, (2.56)
where vector c defines the point in space to which the angular momentum refers, and the moment
M C(B, t) is the moment of the external force F (B, t) given in Eq.(2.49)
M C(B, t) =
∫
v
(x− c)× t (x, t) da+
∫
v
(x− c)× ̺ (x, t)f (x, t) dv. (2.57)
Thus, the mathematical representation of the principle of balance of angular momentum reads
d
dt
∫
v
(x− c)× ̺ (x, t)v (x, t) ̺dv =
∫
a
(x− c)× t (x, t) da
+
∫
v
(x− c)× ̺ (x, t)f (x, t) dv. (2.58)
Recalling the argument that led to Eq.(2.52), and applying it to Eq.(2.58) yields
d
dt
∫
v
(x− c)× ̺ (x, t)v (x, t) dv =
∫
v
div [(x− c)×T (x, t)] dv
+
∫
v
(x− c)× ̺ (x, t)f (x, t) dv. (2.59)
The result of the first term on the right-hand side reads1
div [(x− c)×T (x, t)] = (x− c)× divT (x, t)− Tik ei × ek, (2.60)
1For proof, see (Haupt, 2002, p.99).
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with the identity
ep × eq = ǫpqr er, (2.61)
where the so-called permutation symbol ǫpqr has the property
ǫpqr =


+1 if p, q, r form an even permutation, (ǫ123, ǫ312, ǫ231)
−1 if p, q, r form an odd permutation, (ǫ213, ǫ132, ǫ321)
0 if two indices are equal
(2.62)
Using Eq.(2.60) in Eq.(2.59), and performing some rearrangements, lead to∫
v
(x− c)×
(
̺ (x, t)
d
dt
v (x, t)− divT (x, t)− ̺ (x, t)f (x, t)
)
dv
=
∫
v
(Tij ei × ek) dv. (2.63)
From Eq.(2.52), the term in brackets on the left-hand side of Eq.(2.63) is zero, so∫
v
(Tik ei × ek) dv = 0 (2.64a)
leads to
Tij ei × ek = 0. (2.64b)
The component representation of Eq.(2.64b) reads
(T23 − T32) e1 + (T31 − T13) e2 + (T12 − T21) e3 = 0 or Tik = Tki, (2.65)
which is valid if and only if the Cauchy stress tensor T is symmetric, i.e.
T = TT. (2.66)
Thus, the balance of angular momentum implies symmetry of the Cauchy stress tensor. Con-
sequently, this implies that the second Piola-Kirchhoff stress tensor T˜ is also symmetric, since
T˜ = JF−1TF−T as given in Eq.(2.35).
2.3.3. Energy Balance
For a continuum subjected to a thermo-mechanical energy transfer, the principle of energy bal-
ance determines that the time change of the sum of kinetic energy K(B, t) and the internal energy
E(B, t) is equal to the mechanical work Le(B, t) and the heat supply Q(B, t), i.e.
K˙(B, t) + E˙(B, t) = Le(B, t) +Q(B, t). (2.67)
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The sum of the kinetic and internal energies is defined by
K(B, t) + E(B, t) =
∫
v
̺
(
1
2
v2 + e
)
dv, (2.68)
where e is called specific internal energy per unit mass. The mechanical work is the work exerted
on the body by the surface traction t and the body force f
Le(B, t) =
∫
a
t ·vda+
∫
v
̺f ·vdv =
∫
a
Tv ·nda+
∫
v
̺f ·vdv, (2.69)
drawing on Cauchy’s theorem. The thermal energy is defined by the heat supply Q(B, t), which
is the sum of the heat supplied by the heat flux vector q(x, t) across the surface (heat conduction)
and the heat supplied by the volume-distributed heat supply r(x, t) (heat radiation)
Q(B, t) = −
∫
a
q(x, t) ·nda+
∫
v
̺(x, t)r(x, t)dv =
∫
a
qda+
∫
v
̺rdv, (2.70)
with q = −q ·n, see Fig. 2.5(b).
nR
qR
dA
R[B]
(a) Reference configuration
n
q
da
χt[B]
(b) Current configuration
Figure 2.5.: Stress vectors and normal unit vectors in reference configuration (a) and current
configuration (b).
A combination of Eqs.(2.67)-(2.70) yields
d
dt
∫
v
̺
(
1
2
v2 + e
)
dv =
∫
a
(Tv ·n+ q) da+
∫
v
̺ (f ·v + r) dv. (2.71)
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Applying the divergence theorem to the first term on the right-hand side and a subsequent rear-
rangement lead to
d
dt
∫
v
̺edv =
d
dt
∫
v
1
2
̺v2dv +
∫
v
div (Tv) dv +
∫
v
̺ (f ·v) dv −
∫
v
div qdv +
∫
v
̺rdv. (2.72)
Making use of the balance of mechanical energy1∫
v
T ·Ddv = − d
dt
∫
v
1
2
̺v2dv +
∫
v
div (Tv) dv +
∫
v
̺ (f ·v) dv (2.73)
implying the global formulation of energy balance in the spatial representation
d
dt
∫
v
̺edv = −
∫
v
div qdv +
∫
v
̺rdv +
∫
v
T ·Ddv. (2.74)
The local form of energy balance reads
de
dt
= −1
̺
div q + r +
1
̺
T ·D (2.75a)
in the spatial representation, and
de
dt
= − 1
̺R
Div qR + r +
1
̺R
T˜ · E˙ (2.75b)
in the material representation, with2
qR = (detF)F
−1q (2.76)
as the Piola-Kirchhoff heat flux vector, which can be obtained by
q · da = q · ((detF)F−TdA) = ((detF)F−1q)︸ ︷︷ ︸
qR
· dA = qR · dA, (2.77)
drawing on (2.15).
2.3.4. Entropy Inequality
The balance of energy - as demonstrated in the preceding subsection - does not cause a limit
concerning the direction of energy transfer. Since the real physical processes are directional,
there must be a variable to specify the direction of such process. This variable is the entropy
S(B, t), which can be defined as a measure of the energy that cannot be converted to another
1See (Haupt, 2002, Sec.2.4.1).
2See (Haupt, 2002, p.123).
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type of energy or to do work, i.e. a measure of irreversibility of a process.1 The entropy is
expressed as
S(B, t)=
∫
v
̺sdv, (2.78)
where s is called specific entropy per unit mass.
Similar to the heat supply in Eq.(2.70), the entropy supply H(B, t) is represented as the sum
of the entropy flux vector Σ(x, t) and the volume-distributed entropy supply σ(x, t)
H(B, t) = −
∫
a
Σ(x, t) ·nda+
∫
v
̺(x, t)σ(x, t)dv =
∫
a
Σda+
∫
v
̺σdv, (2.79)
where Σ = −Σ ·n is the surface-distributed entropy supply.
Moreover, the entropy production is given by
Γ(B, t) =
∫
v
̺γdv, (2.80)
where γ is called specific entropy production per unit mass. The entropy balance states that
the time rate change in an entropy is equal to the sum of the entropy supply and the entropy
production
d
dt
S(B, t) = H(B, t) + Γ(B, t). (2.81)
For any isolated system, the second law of thermodynamics postulates that the entropy produc-
tion in any process is never negative, i.e. the entropy production is greater than zero for an
irreversible process and is equal to zero for a reversible process, but it never less than zero. Thus,
the inequality
Γ(B, t) = d
dt
S(B, t)−H(B, t) ≥ 0 (2.82)
holds for any thermodynamical process.
The entropy flux vector Σ and entropy supply σ are defined by the heat flux vector q and heat
supply r divided by the absolute temperature Θ, respectively,2
Σ =
q
Θ
, (2.83a)
σ =
r
Θ
. (2.83b)
A combination of Eqs.(2.83) and (2.79) leads to
H(B, t) = −
∫
a
1
Θ
q ·nda+
∫
v
1
Θ
̺rdv = −
∫
v
div
( q
Θ
)
dv +
∫
v
1
Θ
̺rdv. (2.84)
1See (Limons, 2013).
2See (Haupt, 2002, p.128) and (Hutter and Jöhnk, 2004, p.76).
21
Using Eqs.(2.78) and (2.84) in the entropy inequality (2.82) yields
Γ =
∫
v
̺γdv =
d
dt
∫
v
̺sdv +
∫
v
(
1
Θ
div q − 1
Θ2
gradΘ · q
)
dv +
∫
v
1
Θ
̺rdv ≥ 0, (2.85)
which represents the global formulation of the most popular form of the second law of thermo-
dynamics, known as the Clausius-Duhem inequality. In the last equation use of
div
( q
Θ
)
=
1
Θ
div q − 1
Θ2
q · gradΘ (2.86)
is made. The local form of the Clausius-Duhem inequality is written as
γ = s˙+
1
̺Θ
div q − 1
̺Θ2
q · gradΘ− 1
Θ
r ≥ 0 (2.87a)
in the spatial representation, and
γ = s˙+
1
̺RΘ
Div qR −
1
̺RΘ2
qR · GradΘ−
1
Θ
r ≥ 0 (2.87b)
in the material representation.
In view of energy balance Eqs.(2.75a) and (2.75b), the elimination of the local heat supply in
Eqs.(2.87a) and (2.87b) implies the alternative representation of Clausius-Duhem inequality in
the spatial
δ = Θγ = −e˙+Θs˙+ 1
̺
T ·D− 1
̺Θ
q · gradΘ ≥ 0 (2.88a)
and material
δ = Θγ = −e˙+Θs˙+ 1
̺R
T˜ · E˙− 1
̺RΘ
qR · GradΘ ≥ 0 (2.88b)
representation, where the term δ = Θγ is called the internal dissipation. The inequality δ ≥ 0 is
called the dissipation inequality.
Defining the Helmholtz free energy (or specific strain-energy per unit mass) Ψ through1
Ψ := e−Θs, (2.89)
the Clausius-Duhem inequality can be formulated in the spatial or, respectively, the material
representation as
δ = −ψ˙ − sΘ˙ + 1
̺
T ·D− 1
̺Θ
q · gradΘ ≥ 0 (2.90a)
δ = −ψ˙ − sΘ˙ + 1
̺R
T˜ · E˙− 1
̺RΘ
qR · GradΘ ≥ 0. (2.90b)
1See (Gurtin et al., 2011, p.188).
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2.4. Principles in Constitutive Modeling
For a material subjected to a specific loading, the mathematical relations, which relate the re-
sponse (or the behavior) of the material to the applied loading, are called constitutive equations
(or constitutive relations). In Continuum Mechanics the constitutive equations are combined
with the balance relations, presented in the preceding section, to solve mechanical and thermo-
mechanical problems. The balance relations alone are insufficient to solve such problems, be-
cause the number of equations they provide is less than the number of unknowns.
In contrast to balance relations, which hold for all materials, constitutive relations are valid for
specific material under consideration. Furthermore, constitutive equations are restricted by some
principles, which are necessary to construct these equations appropriately. The principles that
are required within the scope of this work are presented in the following.1
Principle of Determinism:
For a material body B, the stress state of a material point P ∈ B at time t is determined by the
history of the motion of the entire body B.2 Mathematically
T(P , t) = S
T ≤t
Q∈B
[χT (Q);P , t] , (2.91)
where the functional S combines all the history of the motionχT of all material particlesQ ∈ B.
Principle of Local Action:
The principle of determinism is restricted by the principle of local action, which states that the
response of a material point P ∈ B is determined by the history of motion of the material points
in the vicinity of P and not by the history of motion of the whole material points in the body.
According to this restriction, Eq.(2.91) is rewritten as3
T(P , t) = S
T ≤t
Q∈U(P)
[χT (Q);P , t] , (2.92)
where U(P) represents the group of points in the vicinity of P .
2.4.1. Principle of Material Frame-Indifference
This principle, also called objectivity, postulates that the constitutive equations must be invariant
under changes of frame of reference. This means that the material response should be uninflu-
enced by a change of observer.
For a material point P represented in the spatial representation by vector x at time t, the
time-dependent change of frame is given by the transformation (x, t) = (x∗, t∗) defined by4
x∗ = Q(t)x+ c(t), t∗ = t− a, (2.93)
1Further discussion of the fundamental principles restricting constitutive equations can be found in (Tadmor
et al., 2012, p.181) and (Eringen, 1980, p.151).
2(Truesdell and Noll, 2004, Sec.26) and (Haupt, 2002, p.279).
3See (Haupt, 2002, p.281) and (Tadmor et al., 2012, p.182).
4See (Haupt, 2002, p.164).
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where Q(t) is an arbitrary proper orthogonal tensor-valued function, see Fig. 2.6, has the prop-
erties
QQT = QTQ = 1, detQ = +1, (2.94)
c(t) is an arbitrary vector-valued function, and a is an arbitrary real number.
R[B] χt[B]
χ∗t [B]
X
x
x∗
Gradχ(X, t)
Gradχ∗(X, t)
Q
Figure 2.6.: Orthogonal transformation applied to the current configuration, leaving the response
unchanged for all observers.
To this end, the deformation gradient tensor F reads
F =
∂x
∂X
=
∂x
∂x∗
∂x∗
∂X
= Q−1F∗, (2.95)
leading to the associated deformation gradient tensor
F∗ = QF. (2.96)
Thus, by a change of frame of the form Eq.(2.93), a constitutive equation similar to that in
Eq.(2.91) can be written by
T∗(P , t) = S
T ≤t∗
Q∈B
∗ [χ∗T (Q);P , t∗] . (2.97)
According to the principle of material frame-indifference, the constitutive equation Eq.(2.91)
should be independent of any change of frame, which means that Eq.(2.91) is equivalent to
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Eq.(2.97),1 i.e. the constitutive equation
T∗(P , t) = S
T ≤t∗
Q∈B
∗ [χT (Q);P , t∗] (2.98)
should hold, which implies
S
∗ = S. (2.99)
2.4.2. Principle of Material Symmetry
Another restriction of the constitutive equations is imposed by the principle of material symme-
try, which postulates that the material response modeled by the constitutive equations must be
invariant under all symmetry transformations. Consider a change of the reference configuration
is defined by
X 7−→X∗ = Γ(X)⇐⇒X = χ(Γ−1(X∗), t), (2.100)
leading to
x = χ∗(X∗, t) = χ
(
Γ−1(X∗), t
)
. (2.101)
Thus, the identity
χ(X, t) = χ∗
(
Γ(X), t
)
, (2.102)
after differentiation, follows2
Gradχ(X, t) = Gradχ∗(X∗, t)GradΓ(X). (2.103)
Symmetry transformations are defined as a set of orthogonal transformations (rotations), repre-
sented by orthogonal tensor Q with the properties
QQT = QTQ = 1, detQ = ±1, (2.104)
that are applied to a reference configuration, occupied by a material body at its undeformed
state, and leave the response to deformation unchanged in the current configuration, as shown in
Fig. 2.7, so that
X∗ = QX. (2.105)
Inserting (2.105) into (2.103), yields
Gradχ(X, t) = Gradχ∗(X∗, t)Grad(QX) =⇒ F = F∗Q, (2.106)
i.e. a deformation gradient relative to the configuration R∗ can be defined as
F∗ = FQT. (2.107)
1(Truesdell and Noll, 2004, Sec.26) and (Haupt, 2002, p.279-280).
2See (, p.293) HauptBook2002.
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R[B] χt[B]
R
∗[B]
X
x
X∗
Gradχ(X, t)
Gradχ∗(X∗, t)
Q
Figure 2.7.: Orthogonal transformation applied to the reference configuration, leaving the re-
sponse unchanged in the current configuration.
A set of orthogonal tensors forms a symmetry group G if{
Q1 ∈ G and Q2 ∈ G, then Q1Q2 ∈ G
Q ∈ G, then QT ∈ G. (2.108)
For an arbitrary second-order tensorY, a scalar-valued function Φ(Y) and a tensor-valued func-
tion Φ(Y) are said to be invariant relative to a symmetry group G if ∀Q ∈ G provided that they
satisfy the conditions
Φ(Y) = Φ(QYQT) (2.109)
and
QΦ(Y)QT = Φ(QYQT), (2.110)
respectively.1
The full orthogonal group O(3) consists all orthogonal tensors with the properties given in
(2.104), while the proper orthogonal group SO(3) consists of orthogonal tensors with the prop-
erties given in (2.94), i.e., the proper orthogonal group is subgroup of the full orthogonal group,
SO(3) ⊂ O(3). A material is called isotropic solid if its symmetry group is equal to the full
orthogonal group (G = O(3)), and is called isotropic elastic solid if its symmetry group is equal
to the proper orthogonal group (G = SO(3)). Otherwise, the material is called anisotropic.2 An
anisotropic material which has one preferred direction, defined by a unit vector m0 is called
transversely isotropic relative to this preferred direction. The symmetry group of such material
1See (Gurtin et al., 2011, Sec.50.1).
2See (Ogden, 1997, Sec.4.2.3).
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consists of all the rotations about the preferred direction, as well as the reflection that transforms
m0 to −m0. In this case, the rotations through an angle φ = 2π/n, with n ∈ R, read
Qφm0 = cos(φ)1+
(
1− cos(φ))m0 ⊗m0 + sin(φ)3ǫm0, (2.111)
where 3ǫ = ǫpqrep ⊗ eq ⊗ r is given by (2.62). If the material preferred direction is aligned with
the x-axis of the Cartesian coordinate system, the rotation matrix takes the form1
Qφx =

 1 0 00 cos(φ) − sin(φ)
0 sin(φ) cos(φ)

 . (2.112)
2.5. Representation of Isotropic Tensor Functions for
Isotropic and Transversely Isotropic Hyperelastic
Bodies
In constitutive modeling of isotropic hyperelastic materials, existence of a scalar-valued function
Ψ(E) is assumed, such that2
1
̺R
T˜ =
∂Ψ(E)
∂E
(2.113)
represents the general constitutive equation, where Ψ(E) is the specific strain-energy per unit
mass defined in Eq.(2.89). Equivalently, Eq.(2.113) can be written in terms of the right Cauchy-
Green tensor
1
̺R
T˜ = 2
∂Ψ(C)
∂C
, (2.114)
or
T˜ = 2
∂ψ(C)
∂C
, (2.115)
where the strain-energy function ψ(C) = ̺RΨ(C) automatically fulfills the restrictions emerged
by the principle of material-frame indifference.3 Furthermore, ψ(C) should be an isotropic tensor
function, i.e. it should satisfy the constraint given in Eq.(2.109) emerged by the principle of
material symmetry
ψ(C) = ψ(QCQT) ∀Q ∈ O(3). (2.116)
This constraint is satisfied by representing the strain-energy function ψ(C) in terms of the three
basic invariants of C,4 such that
ψ(C) = ψˆ(I1, I2, I3), (2.117)
1For a detailed discussion about the symmetry group of transversely isotropic materials see (Ebbing, 2010).
2See (Haupt, 2002, Sec.9.2.2).
3See (Holzapfel, 2000, p.214-215), P.(214-215).
4(Haupt, 2002, Theor.9.6, p.335) for proof.
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where
I1 = trC (2.118a)
I2 =
1
2
(
(trC)2 − trC2) (2.118b)
I3 = detC, (2.118c)
with tr(•) as the trace of a tensor field (•). For the case of transversal isotropy, where the material
has one preferred direction defined by a unit vectorm0, |m0| = 1, in the reference configuration,
the strain-energy function is represented in terms of the right Cauchy-Green tensor C and one
additional tensor-valued variable M0
ψ = ψ(C,M0), (2.119)
where M0 = m0 ⊗m0 is positive semi-definite tensor, known as the structural tensor denoting
the preferred direction of the material with the properties
M0 =M
T
0 (2.120a)
‖M0‖2 = 1 (2.120b)
M0 =M
2
0 =M
3
0 = . . . (2.120c)
trM0 = 1 (2.120d)
detM0 = adjM0 = cofM0 = 0, (2.120e)
where (⊗) defines to the dyadic product, and adj is the adjoint of a tensor field
adj(•) = ( det(•))(•)−1 = ( cof(•))T. (2.121)
In this case, the second Piola-Kirchhoff stress tensor reads
T˜ = 2
∂ψ(C,M0)
∂C
. (2.122)
The strain-energy function ψ(C,M0) is the isotropic function of the two tensor-valued variables
C and M0 if it satisfies the condition
ψ(C,M0) = ψ(QCQ
T,QM0Q
T) ∀Q ∈ O(3). (2.123)
This condition can be satisfied by representing the strain-energy function in terms of a set of
invariants including, in addition to the three basic invariants of C defined in Eq.(2.118), mixed
invariants which involve both C and M0, see (Spencer, 1984) and (Itskov, 2009). According to
(Spencer, 1971), the mixed invariants of two symmetric tensor, in this case C and M0, read
I4 = tr (CM0) (2.124a)
I5 = tr
(
C2M0
) (2.124b)
I6 = tr
(
CM20
) (2.124c)
I7 = tr
(
C2M20
)
. (2.124d)
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Due to the property of M0 given in (2.120), it is obvious that I4 = I6 and I5 = I7. Thus, a
set of five invariants {I1, I2, I3, I4, I5} is required, in terms of which the strain-energy function
ψ(C,M0) for transversal isotropy is represented
ψ(C,M0) = ψˆ(I1, I2, I3, I4, I5). (2.125)
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3. Isothermal Transversal Isotropy
As mentioned in Sec. 2.5, the general strain-energy function for transversal isotropic solids, see
Eq.(2.125), is represented in terms of the five invariants defined in Eqs.(2.118), (2.124a) and
(2.124b). A main issue in constitutive modeling of such problems is how to particularize the
general form of the strain-energy function. As pointed out in Chapter 1, there are numerous pub-
lications in the literature that address this matter. A common approach is related to the splitting
of the general strain-energy function into two parts: an isotropic part, given in Eq.(2.117), and
another part connected to the anisotropy, defined in terms of the two invariants in Eqs.(2.124a)
and (2.124b), i.e.
ψˆ(I1, I2, I3, I4, I5) = ψˆ
i(I1, I2, I3) + ψ˜
t(I4, I5). (3.1)
This formulation is motivated by the simple extension of the classical models of isotropy to the
case of anisotropy, i.e. by reinforcing the isotropic strain-energy function ψˆi with the anisotropic
part ψ˜t.
Another motive to draw on specific forms of strain-energy functions is based on the addi-
tive decomposition of the strain-energy function that follows a multiplicative decomposition of
the deformation gradient tensor F into specific deformations, see Chapter 1 for more details.
One popular example is the volumetric/isochoric decomposition used in the modeling of nearly-
incompressibility (also called weakly-compressibility), the behavior that most solids show at
large strain range. In this formulation, originally proposed by (Flory, 1961), the deformation
gradient tensor F is multiplicatively decomposed into a volumetric part Fˆ and an isochoric part
F, such that
F = FˆF. (3.2)
Fˆ and F are connected to volume-changing and volume preserving-deformations, respectively,
with the properties
Fˆ = (detF)1/3I, det Fˆ = detF = J, (3.3)
F = (detF)−1/3F, detF = 1. (3.4)
Consequently, the strain-energy function, in the case of isotropy, is formulated as
ψi(C) = U(J) + ψ i(I
C
, II
C
), (3.5)
whereU(J) and ψ i(I
C
, II
C
) represent the volumetric part, defined in terms of the volume-change
parameter J - while the isochoric part, represented in terms of the two invariants
I
C
= trC = I1I
−1/3
3 , (3.6a)
II
C
= 1
2
((trC)2 − trC 2) = I2I−2/33 , (3.6b)
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respectively, with
C = F
T
F = (detF)−1/3C = I
−1/3
3 C, (3.7)
is the unimodular right Cauchy-Green tensor. This formulation has the advantage that the result-
ing stress-state (a) is decomposed into hydrostatic (volume-changing) and deviatoric (volume-
preserving) parts and (b) satisfies the condition of a stress-free reference configuration. (Hart-
mann and Neff, 2003) investigated the problem of near-incompressibility in view of this for-
mulation and showed that a number of proposals in the literature show non-physical behavior
in the case of simple tension/compression. To overcome this disadvantage they proposed a
new model for the volumetric part U(J) of the strain-energy function, which moreover satis-
fies the condition (b). The condition (b) is violated if the strain-energy function is formulated as
ψi(C) = U(J) + ψˆi(I1, I2). In this case, an additional term should be inserted into the strain-
energy function to fulfill this requirement, see e.g. (Simo and Pister, 1984) and (Schröder and
Neff, 2003) for isotropic and anisotropic models, respectively. Furthermore, relative to the volu-
metric/isochoric decomposition, the anisotropic part of the strain-energy function is formulated
as ψ t(I4, I5), i.e. in terms of the two invariants
I4 = tr
(
CM0
) (3.8a)
I5 = tr
(
C
2
M0
)
. (3.8b)
Thus, the total strain-energy function reads
ψ(C,M0) = U(J) + ψ(C,M0)
= U(J) + ψ i(I
C
, II
C
) + ψ t(I4, I5), (3.9)
which is frequently applied in the modeling of anisotropy, see e.g. (Weiss et al., 1996), (Holzapfel
et al., 2000), (Rüter and Stein, 2000), (Calvo et al., 2009) and (Pena et al., 2011) among several
others.
In this work, the idea of multiplicative decomposition of the deformation gradient tensor is
used to formulate a constitutive model for transversal isotropic solids. In the first section the
idea of the decomposition is presented and the invariants required for the strain-energy function
are formulated. In the second section, a specific form of additively decomposed strain-energy
function is proposed. Also, a constitutive model for the stress-state is derived - which is then
investigated in the third section, based on simple analytical examples that can be used in the
material parameter indentification process. Finally, the fourth section compares the proposed
model to the classical models following the procedure explained above.
3.1. Multiplicative Decomposition of the Deformation
Gradient Tensor
As demonstrated in Sec. 2.4.2, transversely isotropic material is a material that has one preferred
direction denoted by a unit vectorm0 in the undeformed configuration. The mapping of this unit
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vector during the motion of a material body, containing the unit vector, from the undeformed to
the deformed configuration, can be explained as follows: let dX , a material line element defined
in the reference configuration with a length of Λ0, be aligned with the preferred direction m0,
such that
dX = Λ0m0. (3.10)
During the motion R→ χt, see Fig. 3.1, dX is mapped to
dx = Λm, (3.11)
where Λ and m denote the length and unit vector of the material line element dx. Accordingly,
m represents the preferred direction in the current configuration. Recalling Eq.(2.10) and making
use of (3.10) and (3.11), yield
Λm = Λ0Fm0, (3.12)
which can be rewritten as
Fm0 = λam, (3.13)
where
λa =
Λ
Λ0
(3.14)
is the stretch ratio of the material in the preferred direction, and can be defined by taking the
scalar product of the vectors in the left- and right-hand side of Eq.(3.12), i.e.
Fm0 ·Fm0 = λam ·λam =⇒m0 ·FTFm0 = λ2a
yielding
λa =
√
m0 ·Cm0 =
√
C · (m0 ⊗m0) =
√
C ·M0. (3.15)
This, leads to the fact that the invariant I4 defined in Eq.(2.124a) is equal to the square of the
stretch in the preferred direction
I4 = C ·M0 = λ2a . (3.16)
If the transversely isotropic material is assumed to be inextensible along the preferred direction,
then, the constraint
C ·M0 − 1 = 0 (3.17)
is imposed, i.e. no stretch in the preferred direction can occur. In this case, Eq.(3.13) reads
Fm0 =m. (3.18)
This concept led to the idea of splitting the deformation in the preferred direction from the re-
maining deformations by applying a multiplicative decomposition to the deformation gradient.
As a first attempt, the deformation gradient is multiplicatively decomposed into one part con-
strained to the deformation in the preferred direction and a remaining part, i.e. F = FrFa. Thus,
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F
X
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dX
=
Λ 0
m
0
dx =
Λm
Y
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E1
E2
E3
e1
e2
e3
Figure 3.1.: Mapping of a material line element aligned with the preferred direction.
an intermediate configuration is introduced, in which the preferred direction is denoted by a unit
vector mˆ, such that
Fam0 = λamˆ and Frmˆ =m. (3.19)
This assumption leads to the problem that no deformation in lateral direction occurs in the case
of a tensile test along the preferred direction.1
The multiplicative decomposition proposed in this work is an extension of the volumetric/isochoric
decomposition illustrated above, see Eq.(3.2), where the isochoric part F is further decomposed
into two parts, Fa defines the deformation only in the preferred direction,2 while Fr contains the
remaining deformations,
F = FrFa. (3.20)
Thus, the deformation gradient tensor F is decomposed into three parts
F = FˆF = FˆFrFa = J
1/3FrFa. (3.21)
This decomposition is illustrated in Fig. 3.2. Let m0, m˜ and m be unit vectors representing the
preferred direction in R, B˜ and χt, respectively. Thus, the mappings of the preferred direction
associated to the motions R→ χt and R→ B˜ read
Fm0 = λam (3.22a)
Fm0 = λam˜, (3.22b)
1This decomposition is discussed in Appendix A.1.
2In the subsequent work, the terms preferred direction and fiber direction are exchangeable, and both refer to
the direction of isotropy of transversely isotropic material.
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current
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m
Figure 3.2.: Configurations of the proposed decomposition F = FˆFrFa.
respectively. Applying a similar procedure there leads to (3.15),
Fm0 ·Fm0 = λamˆ ·λamˆ =⇒m0 ·FTFm0 = λ2a
yielding
λa =
√
m0 ·Cm0 =
√
C · (m0 ⊗m0) =
√
C ·M0, (3.23)
representing the isochoric stretch of the material in the preferred direction. Here, the unimodular
right Cauchy-Green tensor C is defined in (3.7), and obviously
λa = J
−1/3λa (3.24)
holds.1 By applying the proposed decomposition, i.e. Eq.(3.21), a new intermediate configura-
tion B˜ is obtained. Then, during the motions R→ Bˆ and Bˆ → B˜ the mappings of the preferred
direction read
Fam0 = λamˆ (3.25a)
Frmˆ = m˜, (3.25b)
respectively, with the unit vector m˜ describing the preferred direction in the intermediate con-
figuration B˜. Thus, no deformation in the preferred direction occurs during the application of Fr.
1Note that λa (λa) represents the total (isochoric) stretch of the bulk material along the fiber direction (the
preferred direction) and not the stretch in the fiber itself.
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Consequently, analogous to Eq.(3.23), the isochoric stretch along the preferred direction λa can
also be defined by
Fam0 ·Fam0 = λ2amˆ · mˆ =⇒m0 ·FTa Fam0 = λ
2
a
yielding
λa =
√
m0 ·Cam0 =
√
Ca · (m0 ⊗m0) =
√
Ca ·M0, (3.26)
i.e. in combination with (3.23)
Ca ·M0 = C ·M0. (3.27)
holds.
If Cartesian coordinates in the reference (R) and intermediate (Bˆ) configurations are assumed,
for which m0 = E1 and mˆ = eˆ1 hold, then Fa can be written as
Fa = λa eˆ1 ⊗E1 + eˆ2 ⊗E2 + eˆ3 ⊗E3, (3.28)
leading to1
Ca = F
T
a Fa =
(
λaE1 ⊗ eˆ1 +E2 ⊗ eˆ2 +E3 ⊗ eˆ3
) (
λa eˆ1 ⊗E1 + eˆ2 ⊗E2 + eˆ3 ⊗E3
)
= λ
2
a E1 ⊗E1 +E2 ⊗E2 +E3 ⊗E3
= λ
2
a E1 ⊗E1 −E1 ⊗E1︸ ︷︷ ︸
(λ
2
a−1)m0⊗m0
+E1 ⊗E1 +E2 ⊗E2 +E3 ⊗E3︸ ︷︷ ︸
1
= (λ
2
a − 1)m0 ⊗m0 + 1
= (I4 − 1)M0 + 1, (3.29)
where the basis eˆ1, eˆ2 and eˆ3 in Bˆ are assumed to be orthogonal, i.e. eˆi · eˆj = δij (i, j = 1, 2, 3).
1The inverse of Ca (i.e. C−1a ) is required in the subsequent calculations, and is derived in Appendix A.3.
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To this end, the three principal invariants of Ca
ICa = trCa = tr
(
(I4 − 1)M0 + 1
)
= (I4 − 1) trM0 + tr1 = (I4 − 1) + 3
= I4 + 2 (3.30a)
IICa =
1
2
(
(trCa)
2 − trC2a
)
= 1
2
(
I2
Ca
− tr
(
(I24 − 1)M0 + 1
))
= 1
2
(
(I4 + 2)2 − (I24 − 1) trM0 + tr1
)
= 1
2
(
(I24 − 2I4 + 1)− (I24 − 1) + 3
)
= 2I24 + 1 (3.30b)
IIICa = detCa = det
(
(I4 − 1)M0 + 1
)
= det
(
(I4 − 1)M0
)
+ cof
(
(I4 − 1)M0
) ·1+ (I4 − 1)M0 · cof(1) + det(1)
= (I4 − 1)3 detM0 + (I4 − 1)2 cofM0 ·1+ (I4 − 1)M0 · cof 1+ det1
= (I4 − 1)M0 ·1+ 1 = (I4 − 1) + 1
= I4 (3.30c)
and the three basic invariants of Ca are
IˆCa = trCa = I4 + 2 (3.31a)
IˆICa = trC2a = I
2
4 + 2 (3.31b)
IˆIICa = trC3a = I
3
4 + 2, (3.31c)
respectively, where use is made of the properties of M0 given in Eq.(2.120). Obviously,
tr1 = 3 and det1 = cof 1 = 1 (3.32)
and
C2a = CaCa =
(
(I4 − 1)M0 + 1
) (
(I4 − 1)M0 + 1
)
=
(
(I4 − 1)2 + 2(I4 − 1)
)
M0 + 1
= (I24 − 1)M0 + 1
C3a = C
2
aCa =
(
(I24 − 1)M0 + 1
) (
(I4 − 1)M0 + 1
)
=
(
(I24 − 1)(I4 − 1) + (I24 − 1) + (I4 − 1)
)
M0 + 1
= (I34 − 1)M0 + 1
hold. Thus, the invariants of Ca all depend on the fourth invariant
I4 = Ca ·M0 = C ·M0 = λ 2a . (3.33)
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From Eq.(3.21) the remaining deformation represented by Fr can be described by
Fr = J
−1/3FF−1a = FF
−1
a . (3.34)
Thus, the strain measure of the remaining deformation, which operates on the intermediate con-
figuration Bˆ, can be defined as
Cr = F
T
r Fr = F
−T
a F
T
FF−1a = F
−T
a CF
−1
a , (3.35)
which represents the push-forward of the unimodular right Cauchy-Green tensorC operating on
the reference configuration R. Analogously to Eqs.(3.30) and (3.31), the principal and basic
invariants of Cr read1
ICr = trCr = IC − I4 + 1 (3.36a)
IICr =
1
2
((trCr)
2 − trC2r ) = IIC + IC(1− I4) + I5(1− I−14 ) (3.36b)
IIICr = detCr = I
−1
4 , (3.36c)
and
IˆCr = trCr = IC − I4 + 1 (3.37a)
IˆICr = trC2r = I2C + I
2
4 − 2(IIC + I4) + 2(I−14 − 1)I5 + 1 (3.37b)
IˆIICr = trC3r = I3C − I
3
4 + 1
+ 3
(
I24 − I4 − ICIIC + 1 + (I4 + I−14 − 2)I5 + (I−14 − 1)(ICI5 − IICI4 + 1)
)
, (3.37c)
respectively, where I5 is defined in (3.8b). Obviously, the proposed decomposition satisfies the
constraint of the isochoric deformation in Eq.(3.4), i.e.
detF = det(FrFa) = detFr detFa = (detCr)
1/2(detCa)
1/2 = I−1/24 I
1/2
4 = 1. (3.38)
3.2. Strain-Energy Function and Stress-State
Following the multiplicative decomposition of the deformation gradient introduced in the pre-
ceding section, the strain-energy function ψ(C,M0) for transversal isotropy, see Sec. 2.5, is
additively decomposed into three parts
ψ(C,M0) = ψˆ(J,Ca,Cr) = U(J) + ψ
isc(Ca,Cr) =
= U(J) + ψisca (Ca) + ψ
isc
r (Cr), (3.39)
where U(J), ψisca (Ca) and ψiscr (Cr) are connected to the volumetric deformation, isochoric de-
formation along the preferred direction and the remaining isochoric deformation, respectively.
1These invariants are calculated in Appendix A.2.
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From Eqs.(3.30) and (3.31), it is evident that the invariants of Ca are functions of the invariant
I4, which is nothing more than the square of λa, see Eq.(3.33). Hence, the strain-energy function
ψisca (Ca) originates from the isochoric stretch along the preferred direction λa. Thus, ψisca (Ca)
can be assumed as a function of I4 or λa, i.e.
ψisca (Ca) = vˆ(I4) = v(λa). (3.40)
Furthermore, the three basic invariants ofCr, given in (3.37), serve to represent the strain-energy
function ψiscr (Cr)
ψiscr (Cr) = w(ˆICr , IˆICr , IˆIICr). (3.41)
Accordingly, the strain-energy function in Eq.(3.39) can be rewritten to
ψ(C,M0) = U(J) + vˆ(I4) + w(ˆICr , IˆICr , IˆIICr)
= U(J) + v(λa) + w(ˆICr , IˆICr , IˆIICr). (3.42)
Thus, according to the proposed decomposition, J, I4, IˆCr , IˆICr , IˆIICr represents the set of five
invariants required to formulate the strain-energy function for transversal isotropy, see Eqs.(3.4),
(3.33) and (3.37). In the following, the three parts of ψ(C,M0) in Eq.(3.42) are assumed in terms
of moderate stretches. With regard to the modeling idea of fiber reinforced polymers, v(λa) is
assumed as a simple non-linear function based on λa, i.e.
v(λa) =
α
3
(λ
3
a + 3λ
−1
a − 4). (3.43)
This form of strain-energy function satisfies the conditions of being zero in the case of no de-
formation, v(1) = 0, and heading towards infinity in the cases of extreme tension λa → ∞
and extreme compression λa → 0. To model the behavior of biological materials such as soft
tissues, which respond distinctly different to loading along and normal to the fiber direction, an
exponential function can be assumed for v(λa), see e.g. (Holzapfel et al., 2000).
Concerning the remaining deformations, in order to simplify the analysis and to reduce the
number of material parameters a neo-Hookean model serves as a first ansatz for ψiscr (Cr)
w(ˆICr) =
β
2
(ˆICr − 3). (3.44)
Due to its physically reasonable behavior, the model proposed in (Hartmann and Neff, 2003) is
used to represent the volumetric strain-energy function
U(J) =
K
50
(J5 + J−5 − 2). (3.45)
In the case of anisotropy, this ansatz has the disadvantage that it leads to a hydrostatic stress-state
if the material is subjected to a hydrostatic deformation, i.e. the material shows only volume
changes, which does not reflect the behavior of anisotropic materials, see (Sansour, 2008) and
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(Annaidh et al., 2013). To overcome this drawback the modification of the volumetric strain-
energy function presented by (Guo et al., 2008) is used as a first ansatz, where the volumetric
variable J is coupled with I4, i.e.
ψvol(J, I4) = U(J)I
−1/2
4 . (3.46)
A detailed discussion of this proposal is provided in Subsection 3.3.3. To sum up, the concrete
form of the strain-energy function ψ(C,M0) reads
ψ(C,M0) = ψ
vol(J, I4) + v(λa) + w(ˆICr) =
=
K
50
(J5 + J−5 − 2)I−1/24 +
α
3
(λ
3
a + 3λ
−1
a − 4) +
β
2
(ˆICr − 3), (3.47)
which consists of three material parameters K, α and β.
By using this strain-energy function, the second Piola-Kirchhoff stress tensor T˜, see Eq.(2.122),
can be obtained1
T˜ = 2
∂ψ(C,M0)
∂C
= T˜vol + T˜isc, (3.48a)
where
T˜vol = 2
∂ψvol(J, I4)
∂I4
M0 + J
∂ψvol(J, I4)
∂J
C−1 (3.48b)
and
T˜isc =
((
λ
−1
a v
′(λa) + 2(I
−1
4 − 1)w′(ˆICr)
)
M0C+ 2w
′(ˆICr)C
)D
C−1. (3.48c)
Applying the push-forward operation to the second Piola-Kirchhoff stress tensor T˜ yields the
Cauchy stress tensor T , i.e.
T =
1
J
FT˜FT = Tvol +Tisc, (3.49a)
with
Tvol =
1
J
FT˜volF
T
=
2
J
∂ψvol(J, I4)
∂I4
FM0F
T︸ ︷︷ ︸
I4M
+
∂ψvol(J, I4)
∂J
FC−1FT︸ ︷︷ ︸
1
=
2I4
J
∂ψvol(J, I4)
∂I4
M+
∂ψvol(J, I4)
∂J
I (3.49b)
1A detailed derivation of T˜ is given in Appendix A.4.
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and
Tisc =
1
J
FT˜iscF
T
=
1
J
F
((
λ
−1
a v
′(λa) + 2(I
−1
4 − 1)w′(ˆICr)
)
M0C+ 2w
′(ˆICr)C
)D
C−1FT
=
1
J
(
J−2/3
(
λ
−1
a v
′(λa) + 2(I
−1
4 − 1)w′(ˆICr)
)
(FM0F
T︸ ︷︷ ︸
I4M
FF−1︸ ︷︷ ︸
1
−1
3
I4F1F
−1︸ ︷︷ ︸
1
)
+ 2J−2/3w′(ˆICr)(FFT︸︷︷︸
B
FF−1︸ ︷︷ ︸
1
−1
3
I1F1F
−1︸ ︷︷ ︸
1
)
=
1
J
( (
λ
−1
a v
′(λa) + 2(I
−1
4 − 1)w′(ˆICr)
)
I4(M− 131) + 2w′(ˆICr)(B− 13IB1
)
=
1
J
( (
λav
′(λa) + 2(1− I4)w′(ˆICr)
)
M+ 2w′(ˆICr)B
)D
, (3.49c)
where, M = m ⊗m is the structural tensor defining the direction of isotropy in the current
configuration and has the same properties asM0 given in Eq.(2.120),MD = (M− (1/3)1), and
B is the unimodular left Cauchy-Green tensor
B = F F
T
= J−2/3B. (3.50)
The superscript D indicates the deviator operator, (•)D = (•) − (1/3) tr(•)1. The left Cauchy-
Green tensor of the remaining part reads
Br = FrF
T
r = FF
−1
a F
−T
a F
T
= FC−1a F
T
= F
(
(I−14 − 1)M0 − 1
)
F
T
= (I−14 − 1)FM0F
T︸ ︷︷ ︸
I4M
+FF
T︸︷︷︸
B
= (1− I4)M+B (3.51)
Thus, the Cauchy stress tensor reads
T =
(
2I4
J
∂ψvol(J, I4)
∂I4
M+
∂ψvol(J, I4)
∂J
I
)
+
1
J
(
λav
′(λa)M+ 2w
′(ˆICr)Br
)D (3.52)
i.e. leaving a pure hydrostatic and a deviatoric part as well as one part which is connected to
the preferred direction resulting from a pure volumetric deformation. Obviously, the idea of
decomposition used in the formulation of the present model leads to the stress-state which is
decomposed into anisotropic hydrostatic and deviatoric parts, where one term that is connected
to the deformation in fiber direction appears in both the volumetric and the isochoric stresses in
Eq.(3.52) above. Furthermore, it is evident from Eqs.(3.47), (3.48) and (3.52) that the strain-
energy function and stresses in both the reference and the current configurations are zero in the
case of no deformation, i.e. C = 1. Hence, the condition of the stress-free undeformed state is
automatically satisfied. In the proposed model, only the three material parameters K, α and β
need to be identified. This can be achieved by simple experiments, as shown in Section 3.3.1.3
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The derivatives of the strain-energy functions included in Eq.(3.52), i.e. ∂ψvol(J, I4)/∂J ,
∂ψvol(J, I4)/∂I4, v
′(λa) and w′(ˆICr) read
∂ψvol(J, I4)
∂J
=
K
10
I
−1/2
4 (J
4 − J−6) (3.53a)
∂ψvol(J, I4)
∂I4
= − K
100
I
−3/2
4 (J
5 + J−5 − 2) (3.53b)
v′(λa) =
dv(λa)
dλa
= α(λ
2
a − λ
−2
a ) (3.53c)
w′(ˆICr) =
dw′(ˆICr)
dIˆCr
=
β
2
, (3.53d)
and substituting these derivatives in Eq.(3.52) yields the concrete form of the Cauchy stress
tensor, i.e.
T =
2I4
J
(
− K
100
I
−3/2
4 (J
5 + J−5 − 2)
)
M+
K
10
I
−1/2
4 (J
4 − J−6)1
+
1
J
((
αλa(λ
2
a − λ
−2
a ) + β(1− I4)
)
M+ βB
)D
=
K
50J
I
−1/2
4
(
5(J5 − J−5)I− (J5 + J−5 − 2)M)+ 1
J
(
γ(λa)M+ βB
)D (3.54)
with
γ(λa) := α(λ
3
a − λ
−1
a ) + β(1− λ
2
a ).
The differentiation of the second Piola-Kirchhoff stress tensor given in Eq.(3.48) with respect
to the right Cauchy-Green tensor C gives the tangent operator (or the elasticity tensor)1
C˜ := 2dT˜
dC
= 4
∂2ψ(C,M0)
∂C∂C
, (3.55)
which is a symmetric fourth-order tensor representing a measure of stress changes due to change
in deformation.
3.3. Analytical Investigation of the Model
The constitutive model (3.52) is investigated by means of simple analytical examples that can be
applied for material parameter identification and verification of finite element implementations.
To this end, two analytical examples are considered, namely, uniaxial tension/compression and
simple shear both along and transverse to the fiber direction, as well as hydrostatic compression.
1The tangent operator is required to perform finite elements computations, and is provided in Appendix A.5.
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3.3.1. Uniaxial Tension/Compression
In this example, the unixial tension/compression problem of transversely isotropic solid is con-
sidered, assuming two loading cases: uniaxial tension along and transverse to the fiber direction.
Accordingly, the deformation gradient tensor F takes the form
F =

 λ1 0 00 λ2 0
0 0 λ3

 ei ⊗Ej, i, j = 1, 2, 3, (3.56)
where it is assumed that e1 is the load axis and the stretch λ1 is prescribed. The Cauchy-Green
tensor B reads
B =

 λ21 0 00 λ22 0
0 0 λ23

 ei ⊗ ej, i, j = 1, 2, 3. (3.57)
Eq.(3.50) follows the unimodular right Cauchy-Green tensor
B =
1
J2/3

 λ21 0 00 λ22 0
0 0 λ23

 ei ⊗ ej, =⇒ λ¯i = λi
J1/3
, i, j = 1, 2, 3, (3.58)
leading to
Br =

 1 0 00 λ¯22 0
0 0 λ¯23

 ei ⊗ ej, (3.59)
see Eq.(3.51), where
J = detF = λ1λ2λ3. (3.60)
Moreover, the components of the Cauchy stress tensorT are zero - except for the axial stress σ11,
i.e. T = σ11e1 ⊗ e1. As there are three unknowns in this case (σ11, λ2 and λ3), three equations
are required.
3.3.1.1. Uniaxial tension along the fiber direction
In the first case the loading direction is assumed to be parallel to the fiber direction,m0 = e1, see
Fig. 3.3(a). Thus, the stretch λ1 in the deformation gradient tensor (3.56) represents the stretch in
the fiber direction, which is prescribed. From the constitutive model (3.52) the three components
of Cauchy stress tensor T read
σ11 =
1
J
(
2I4
∂ψvol(J, I4)
∂I4
+ J
∂ψvol(J, I4)
∂J
2λ¯1
3
v′(λ¯1) +
2
3
w′(ˆICr)(2− λ¯22 − λ¯23)
)
(3.61a)
0 = σ22 =
1
J
(
J
∂ψvol(J, I4)
∂J
− λ¯1
3
v′(λ¯1) +
2
3
w′(ˆICr)(1− 2λ¯22 − λ¯23)
)
(3.61b)
0 = σ33 =
1
J
(
J
∂ψvol(J, I4)
∂J
)
− λ¯1
3
v′(λ¯1) +
2
3
w′(ˆICr)(1− λ¯22 − 2λ¯23). (3.61c)
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Figure 3.3.: Assumed orientations in uniaxial tensile problems.
Combining Eqs.(3.61b) and (3.61c), gives
λ2 = λ3 (3.62a)
J
∂ψvol(J, I4)
∂J
=
1
3
λ¯1 v
′(λ¯1)− 2
3
w′(ˆICr)(−1− λ¯23 + 2λ¯231), (3.62b)
and by substituting the above equation in (3.61a) the axial stress σ11 can be written as
σ11 =
1
J
(
λ¯1 v
′(λ¯1) + 2w
′(ˆICr)(1− λ¯22) + 2I4
∂ψvol(J, I4)
∂I4
)
. (3.63)
Furthermore, making use of the derivatives of the strain-energy function in (3.53), we obtain
σ11 =
1
J
(
α(λ¯31 − λ¯−11 ) + β(1− λ¯22)−
K
50λ1
(J5 + J−5 − 2)
)
. (3.64)
In this case J = λ1λ22 holds and I4 = λ21 is inserted. For a given axial stretch λ1, Eqs.(3.63) and
(3.62b) represent two equations with two unknown, namely σ11 and λ2.
3.3.1.2. Uniaxial tension normal to the fiber direction
In the next case the fiber direction is aligned to the x2-axis, m0 = e2, and the axial stretch is
applied normal to the fiber direction, see Fig. 3.3(b). Thus, in the deformation gradient (3.56) λ1
is known, while λ2 represents the stretch in the fiber direction and λ3 is the stretch normal to the
loading and fiber directions.
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Again, the components of the Cauchy stress tensor can be calculated from the constitutive
equation (3.52)
σ11 =
1
J
(
J
∂ψvol(J, I4)
∂J
− λ¯2
3
v′(λ¯2) +
2
3
w′(ˆICr)(2λ¯21 − 1− λ¯23)
)
(3.65a)
0 = σ22 =
1
J
(
2λ¯2
3
v′(λ¯2) +
2
3
w′(ˆICr)(−λ¯21 + 2− λ¯23) + 2I4
∂ψvol
∂I4
+ J
∂ψvol
∂J
)
(3.65b)
0 = σ33 =
1
J
(
J
∂ψvol
∂J
− λ¯2
3
v′(λ¯2) +
2
3
w′(ˆICr)(−λ¯21 − 1− 2λ¯23)
)
, (3.65c)
representing the three equations required to determine the three unknowns σ11, λ2 and λ3. In this
context J = λ1λ2λ3 holds.
3.3.1.3. Identification of material parameters
In the following, the experimental data provided by (Ciarletta et al., 2011) are used to identify
the material parameters K, α and β included in the constitutive model. In their work, (Ciarletta
et al., 2011) carried out uniaxial tensile tests on a fiber-reinforced composite, made of soft sil-
icone rubber as a matrix material reinforced with polyamide fibers, along and transverse to the
fiber direction. For both cases, the engineering axial stresses P11 and the lateral stretches λ2
are measured, see Fig. 3.4. Thus, four diagrams, i.e. P11 − λ1 and λ2 − λ1 for each loading
case, are obtained as shown in Figs. 3.4(a)-3.4(d), where P11 is the axial component of the 1st
Piola-Kirchhoff stress tensor TR = JTF−T = Pijei ⊗ ej , see Eq.(2.34), λ1 is the prescribed
axial stretch and λ2 is the stretch transverse to the loading direction. The material parameter
identification process is carried out using a procedure developed by (Krämer et al., 2013), who
proposed an iterative procedure to determine the material parameters used in stress algorithms of
finite element programs. The stress algorithm developed for the three-dimensional finite element
computations can be used directly to identify the material parameters K, α and β. The identifi-
cation process is carried out with all of the experimental data in Fig. 3.4 together, i.e. with the
tensile data where the loading direction is parallel and normal to the fiber direction. The identi-
fied material parameters are given in Tab. 3.1. As shown in Figs. 3.4(a)-3.4(d), the predictions
of the model show sufficient fitting accuracy to the experimental data. However the predicted
λ2/λ1-diagram for the case of m0 = e2, Fig. 3.4(d), could be improved by using a non-linear
ansatz for the strain-energy function w(ˆICr), where a linear ansatz is used as first approach, see
Eq.(3.44).
Table 3.1.: Identified material parameters.
K (MPa) α (MPa) β (MPa)
3.00 0.087 0.054
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(d) λ2/λ1 diagram (m0 = e2) used for prediction
Figure 3.4.: Identified and predicted results in uniaxial tensile problems using experimental data
in (Ciarletta et al., 2011).
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3.3.2. Simple Shear
In the case of simple shear, the deformation gradient F and the left Cauchy-Green tensor B take
the form
F =

 1 κ 00 1 0
0 0 1

 ei ⊗Ej, i, j = 1, 2, 3, (3.66)
and
B = FFT =

 1 + κ2 κ 0κ 1 0
0 0 1

 ei ⊗ ej , i, j = 1, 2, 3, (3.67)
respectively, where J = detF = 1 holds. The consideration of this example is of interest, due
to the existence of constitutive models showing non-physical behavior under simple shear, see
(Hartmann, 2010). Fig. 3.5 shows the geometry and deformation of two loading cases. In the
first case, the fiber is aligned with the x-axis, m0 = e1, see Fig. 3.5(a), for which the Cauchy
stress tensor T (3.52) is reduced to
T = βBD, (3.68)
and, accordingly, its components read
σxy = βκ
σxx =
2
3
βκ2 (3.69)
σyy = σzz = −13βκ2.
In this case, λa = 1 can obviously be calculated.
For the following second case, where the fiber is aligned with y-axis, m0 = e2, as shown in
Fig. 3.5(b), the Cauchy stress tensor T (3.52) takes the form
T =
(
α((1 + κ2)3/2 − (1 + κ2)−1/2)− βκ2)MD + βBD, (3.70)
which yields the components
σxy = α
(
− κ√
(1 + κ2)3
+ κ(1 + κ2)1/2
)
+ β
κ
1 + κ2
σxx = α
(
− κ
2√
(1 + κ2)3
+ κ2(1 + κ2)1/2 − 1
3
(1 + κ2)3/2 − 1
3
√
1 + κ2
)
+ β
κ2
1 + κ2
(3.71)
σyy = α
(
− 1√
(1 + κ2)3
+
1
3
√
1 + κ2
+ (1 + κ2)1/2 − 1
3
(1 + κ2)3/2
)
+ β
(
1
1 + κ2
− 1
)
σzz = −13α
(
− 1√
1 + κ2
+ (1 + κ2)3/2
)
.
Furthermore, λa =
√
1 + κ2 holds for this loading case.
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Figure 3.5.: Assumed orientations in simple shear problem.
3.3.3. Hydrostatic Tension/Compression
In the following, the behavior of the ansatz (3.46) under hydrostatic compression is demon-
strated. Thus, the deformation gradient tensor F takes the form
F =

 λ 0 00 λ 0
0 0 λ

 = λ1, (3.72)
which leads to
J = λ3 and λk = λkJ−1/3 = 1, k = 1, 2, 3.
The left, respectively, unimoduar left Cauchy-Green tensors read
B = FFT = λ2 1 and B = J−2/3B = 1.
In this case, the three components of the Cauchy stress tensor (3.52) read
σ11 =
1
J
(
2I4
∂ψvol(J, I4)
∂I4
+ J
∂ψvol(J, I4)
∂J
)
(3.73a)
σ22 = σ33 =
∂ψvol(J, I4)
∂J
. (3.73b)
This shows that the stress response in the fiber direction is different to the response in the lateral
directions, which reflects the behavior of transversely isotropic materials. Using the derivative of
ψvol in Eqs.(3.53a) and (3.53b), the specific expressions of these components can be written as
σ11 =
K
25λJ
(2J5 − 3J−5 + 1) (3.74)
σ22 = σ33 =
K
10λ
(J4 − J−6), (3.75)
which indicates that the material parameter K can be interpreted as the stiffness of volumetric
deformation, or in other words, the bulk modulus. As the simplest ansatz is used for Eq.(3.46),
this stiffness is identical for all directions. Of course, more general approaches are also possible.
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3.4. The Proposed Modeling versus Classical Modeling
As demonstrated at the beginning of this chapter, based on the idea of volumetric/isochoric split,
the classical modeling of the strain-energy function for transversal isotropy is defined by the
additively decomposed strain-energy function given in (3.9), i.e.
ψ(C,M0) = U(J) + ψ
t(I4, I5) + ψ i(IC, IIC).
In order to simplify the problem, it is common to assume the reduced form of the strain-energy
function
ψ(C,M0) = U(J) + ψ
t(I4) + ψ i(IC), (3.76)
which leads to constitutive relations for second Piola-Kirchhoff and Cauchy stress tensors to take
the forms
T˜ = T˜vol + T˜isc = J
dU(J)
dJ
C−1 + 2J−2/3
(I − 1
3
C−1 ⊗C)(dψ t(I4)
dI4
M0 +
dψ i(I
C
)
dI
C
1
)
(3.77)
and
T = Tvol +Tisc =
dU(J)
dJ
1+
2
J
(
I4
dψ t(I4)
dI4
M+
dψ i(I
C
)
dI
C
B
)D
, (3.78)
respectively, where I is a fourth-order identity tensor, see e.g. the model proposed in (Holzapfel
et al., 2000) for materials with one fiber family. Alternatively, the first term in the parenthesis in
(3.78) can be reformulated in terms of the isochoric stretch λa
I4
dψ t(I4)
dI4
= λ
2
a
dψ t(λa)
dλa
dλa
dI4
= 1
2
λa
dψ t(λa)
dλa
. (3.79)
Thus, the constitutive model in (3.78) can be rewritten to
T = Tvol +Tisc =
dU(J)
dJ
1+
1
J
(
λa
dψ t(λa)
dλa
M+ 2
dψ i(I
C
)
dI
C
B
)D
. (3.80)
If this constitutive model is now investigated for the example of uniaxial tension, in which the
load is applied along the fiber direction, i.e. applying the same procedure given in section 3.3.1.1,
the stress components read
σ11 =
dU(J)
dJ
+
1
3J
(
2λ¯1
dψ t(λa)
dλa
+ 2
dψ i(I
C
)
dI
C
(2λ¯21 − λ¯22 − λ¯23)
)
σ22 =
dU(J)
dJ
+
1
3J
(
−λ¯1dψ
t(λa)
dλa
+ 2
dψ i(I
C
)
dI
C
(−λ¯21 + 2λ¯22 − λ¯23)
)
(3.81)
σ33 =
dU(J)
dJ
+
1
3J
(
−λ¯1dψ
t(λa)
dλa
+ 2
dψ i(I
C
)
dI
C
(−λ¯21 − λ¯22 + 2λ¯23)
)
.
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By comparing the stress components in (3.81) with the stress components given in (3.61) as a
result of the proposed model, some features can be characterized. Firstly, the split of the isochoric
deformation in the fiber direction from the deformation in other directions leads to a clear split
of the isochoric stress-state, where, in contrast to stresses in (3.81), the isochoric stretch in the
fiber direction λ¯1 is associated only with the contribution arising from the anisotropic part of the
strain-energy function, while it appears also in the isotropic contribution in (3.81). Secondly,
the volumetric stresses in (3.81) are the same in all three stress components, which is unrealistic
for transverely isotropic materials, in which the response along the preferred direction differs
from the response in all other directions. Also, this drawback can easily be observed when
investigating the model in (3.80) under hydrostatic deformation. Here, the deformation gradient
takes the form of (3.72), with J = λ3, leading to
B = J−2/3B = 1 and λa = J−1/3λ = 1.
In this case, the stress-state given in (3.80) therefore takes the form
T = Tvol =
dU(J)
dJ
1, (3.82)
where
dψ t(λa)
dλa
∣∣∣
λa=1
= 0
is inserted due to the condition of stress-free reference configuration and BD = 1D = 0. This
means that the stress components are the same in all directions. The proposed model takes this
effect into consideration, where different volumetric and hydrostatic stresses are obtained along
and normal to the preferred direction, see Eqs.(3.61) and (3.73).
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4. Temperature-Dependent
Transversal Isotropy
In many applications anisotropic materials work at different temperatures above or below the
room temperature and are also subjected to thermo-mechanical finite deformations. To this end,
it is of interest to model the behavior of anisotropic materials under these conditions, especially
when the behavior is strongly affected by changes in temperature, as in the case of fiber rein-
forced polymers.
In this chapter, a constitutive model for transversely isotropic solids subjected to thermo-
mechanical finite deformations is formulated. The formulation is based on the theory of multi-
plicative decomposition of the deformation gradient tensor into a thermal and a mechanical part.
This theory as well as the formulation of the strain-energy function are presented in Sec. 4.1. The
thermodynamics consistency of the model is investigated in Sec. 4.2. The derivation of consti-
tutive equations for the stress-state is treated in Sec. 4.3, which is then investigated analytically
in Sec. 4.4. In Sec. 4.5 the constitutive equations for the anisotropic heat flux are derived, and
finally, the energy equation is formulated in Sec. 4.6.
4.1. Multiplicative Decomposition of Deformation
Gradient
The idea of decomposing the total deformation in the case of thermoelasticity into a thermal and
an elastic part was first proposed by (Stojanovic et al., 1964) and (Stojanovic, 1969), and later ap-
plied by many authors in order to investigate the behavior of isotropic materials, see e.g. (Lu and
Pister, 1975), (Lion, 2000), (Vujosevic and Lubarda, 2002), (Lubarda, 2004), (Heimes, 2005),
(Hamkar and Hartmann, 2012), (Darijani and Naghdabadi, 2013) and (Yosibash et al., 2014)
among others. The literature offers no work that addresses the application of this approach to the
general case of anisotropy. This work is based on the idea of formulating a constitutive model
for the case of transversely isotropic materials under thermo-mechanical finite deformations. To
this end, the development of the constitutive model starts with the multiplicative decomposition
of the deformation gradient F into a thermal part FΘ and a mechanical part FM
F = FMFΘ, (4.1)
i.e. an intermediate configuration Bˆ, defined by a fictitious isothermal mechanical unloading, is
introduced in addition to the reference and current configurations R and χt, respectively, see
Fig. 4.1. Additionally, the mechanical part of the deformation gradient FM is splitted according
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R
χt
Bˆ
m0
mˆ
m
F
FΘ
FM
Figure 4.1.: Configurations of the decomposition F = FMFΘ.
to the decomposition in (3.21)
FM = FˆMFM = FˆMF
r
MF
a
M. (4.2)
Thus, the total deformation gradient F is decomposed into
F = FˆMF
r
MF
a
MFΘ, (4.3)
as depicted in Fig. 4.2.
Assuming that the fiber direction is represented by the unit vectors m0, mˆ and m in the three
configurations R, Bˆ and χt, respectively, as shown in Fig. 4.1, the mapping of these unit vectors
according to the decomposition (4.1) can be defined as
Fm0 = λam (4.4a)
FΘm0 = ζmˆ (4.4b)
FMmˆ = λMm, (4.4c)
where λa, ζ and λM are the total, thermal and mechanical stretches of the bulk of transversely
isotropic material along the preferred direction, respectively. Furthermore, Eq.(4.4a) can be
rewritten in the form
Fm0 = FMFΘm0 = ζFMmˆ = ζλMm, (4.5)
yielding
λa = ζλM (4.6a)
λM =
λa
ζ
, (4.6b)
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B˜
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χtF
FΘ
FM
FaM
FrM
FˆM
Figure 4.2.: Configurations of the proposed decomposition F = FˆMFrMFaMFΘ.
with λa defined analogously to (3.15)
λa =
√
C ·M0. (4.7)
Consider a cube of transversely isotropic material subjected to thermal deformation as shown
in Fig. 4.3, and let the preferred direction be aligned to the x1-axis of the Cartesian coordinate
system, i.e., m0 = E1. During the application of FΘ the cube undergoes a volumetric expan-
sion in which the stretch in the directions x2 and x3 is equal, denoted by ϕ, but different from
the stretch in the direction of isotropy, represented by ζ . Note that in Fig 4.3 the thermal ex-
pansion along the preferred direction is assumed to be larger than the thermal expansion in the
other directions. Moreover, the coordinate system before and after the application of FΘ remain
unchanged, so the unit vectors representing the fiber direction (direction of isotropy) in the ref-
erence configuration R and intermediate configuration Bˆ, see Fig. 4.1, are equal, i.e. m0 = mˆ.
Thus, the thermal part of the deformation gradient FΘ can be defined by
FΘ = ζ E1 ⊗E1 + ϕE2 ⊗E2 + ϕE3 ⊗E3
= (ζ − ϕ) E1 ⊗E1︸ ︷︷ ︸
m0⊗m0
+ϕ (E1 ⊗E1 +E2 ⊗E2 +E3 ⊗E3)︸ ︷︷ ︸
1
= (ζ − ϕ)m0 ⊗m0 + ϕ1
= (ζ − ϕ)M0 + ϕ1, (4.8)
where M0 = m0 ⊗m0 is the structural tensor.1 The thermal stretches ζ and ϕ are assumed as
1Such form of FΘ is also mentioned by (Vujosevic and Lubarda, 2002), however the work was restricted to the
analysis of isotropic materials.
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3
Figure 4.3.: A cube of transversely isotropic material subjected to thermal deformation (expan-
sion). before (left) and after (right) the application of FΘ.
linear functions of the temperature
ζ = ζˆ(Θ−Θ0) = ζˆ(ϑ) = 1 + αaϑ, (4.9a)
ϕ = ϕˆ(Θ−Θ0) = ϕˆ(ϑ) = 1 + αnϑ, (4.9b)
where Θ and Θ0 define the absolute and the reference temperatures while αa and αn represent
the thermal expansion coefficients of the material along and normal to the preferred direction,
respectively, and ϑ = Θ − Θ0 defines the temperature difference. Note that in the case of no
temperature change, i.e., ϑ = 0
ζ = ζˆ(0) = 1 (4.10a)
ϕ = ϕˆ(0) = 1 (4.10b)
hold.
The determinant of the thermal part of the deformation gradient FΘ represents the change in
volume caused by the temperature change, and is given by
JΘ := detFΘ = det ((ζ − ϕ)M0 + ϕ1)
= det ((ζ − ϕ)M0) + cof ((ζ − ϕ)M0) · (ϕ1) + (ζ − ϕ)M0 · cof(ϕ1) + det(ϕ1)
= (ζ − ϕ)3 detM0 + ϕ(ζ − ϕ)2 cofM0 ·1+ ϕ2(ζ − ϕ)M0 · cof 1+ ϕ3 det1 (4.11)
= ϕ2(ζ − ϕ) + ϕ3
= ζϕ2.
Drawing on the properties of M0 and 1 in Eqs.(2.120) and (3.32). According to the decomposi-
tion in Eq.(4.1), the determinant of the total deformation gradient F reads
J = detF = detFM detFΘ = JMJΘ, (4.12)
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leading to
JM =
J
JΘ
=
J
ζϕ2
, (4.13)
where JM := detFM is the determinant of the mechanical part of the deformation gradient.
Similar to the case of elastoplasticity, in which the deformation gradient is multiplicatively
decomposed into an elastic and a plastic part, see (Haupt, 1985), the thermal Green strain tensor
measuring the thermal deformations, is defined by a fictive isothermal mechanical unloading
EΘ := lim
‖FM‖→0
E = 1
2
(FTΘFΘ − I) = 12(CΘ − I), (4.14)
whereE is the total Green strain tensor defined in (2.29a) - additively decomposed into a thermal
part EΘ and a mechanical part EM according to the concept of dual variables, see (Haupt and
Tsakmakis, 1989),
E = EΘ + EM. (4.15)
Inserting the thermal right Cauchy-Green tensor
CΘ = F
T
ΘFΘ = ((ζ − ϕ)M0 + ϕ1)T ((ζ − ϕ)M0 + ϕ1)
= (ζ − ϕ)2M0 + 2ϕ(ζ − ϕ) + ϕ21
= (ζ2 − ϕ2)M0 + ϕ21 (4.16)
in (4.14) yields
EΘ =
1
2
(
(ζ2 − ϕ2)M0 + (ϕ2 − 1)1
)
. (4.17)
Accordingly, the mechanical Green strain tensor reads
EM = E− EΘ = 12(FTF− FTΘFΘ) = 12(C−CΘ)
= 1
2
(
C− (ζ2 − ϕ2)M0 − ϕ21.
)
. (4.18)
The strain measures in the intermediate configuration Bˆ are obtained by applying the push-
forward operator to the strain measures in (4.15)
F−TΘ EF
−1
Θ = F
−T
Θ (EΘ + EM)F
−1
Θ , (4.19)
yielding
γˆ = γˆΘ + γˆM. (4.20)
Here, the strain tensors relative to the intermediate configuration are obtained:
γˆ = F−TΘ EF
−1
Θ =
1
2
F−TΘ (F
TF− 1)F−1Θ = 12F−TΘ
(
(FMFΘ)
T(FMFΘ)− 1)
)
F−1Θ
= 1
2
(F−TΘ F
T
Θ︸ ︷︷ ︸
1
FTMFM︸ ︷︷ ︸
CM
FΘF
−1
Θ︸ ︷︷ ︸
1
−F−TΘ 1F−1Θ︸ ︷︷ ︸
B
−1
Θ
)
= 1
2
(CM −B−1Θ ) = 12
(
CM − (ζ−2 − ϕ−2)M0 + ϕ−21
)
, (4.21a)
γˆΘ = F
−T
Θ EΘF
−1
Θ =
1
2
F−TΘ (F
T
ΘFΘ − 1)F−1Θ = 12(I− F−TΘ F−1Θ )
= 1
2
(1−B−1Θ ) = 12
(
(1− ϕ−2)1− (ζ−2 − ϕ−2)M0
)
, (4.21b)
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and
γˆM = F
−T
Θ EMF
−1
Θ =
1
2
F−TΘ (F
TF− FTΘFΘ)F−1Θ = 12(FTMFM − 1)
= 1
2
(CM − 1). (4.21c)
These strain tensors represent the total, thermal and mechanical strain tensors in the intermediate
configuration, respectively, with the mechanical right Cauchy-Green tensor
CM = F
T
MFM (4.22a)
and the thermal left Cauchy-Green tensor
BΘ = FΘF
T
Θ = (ζ
2 − ϕ2)M0 + ϕ21. (4.22b)
The inverse of FΘ required to calculateB−1Θ = F−TΘ F−1Θ used in (4.21a) and (4.21b) is calculated
by applying the Cayley-Hamilton theory to the deformation gradient tensor FΘ in Eq.(4.8).1
Fig. 4.4 summarizes the strain measures in the reference, intermediate and current configurations.
The time derivatives of the strain tensors in Eqs.(4.14),(4.17) and (4.18) yield the total, thermal
and mechanical strain-rate tensors in the reference configuration
E˙ = 1
2
C˙ = E˙Θ + E˙M, (4.23a)
E˙Θ =
1
2
C˙Θ =
1
2
(
(2ζζ˙ − 2ϕϕ˙)M0 + 2ϕϕ˙1
)
= (ζζ˙ − ϕϕ˙)M0 + ϕϕ˙1
= ((ζζ ′ − ϕϕ′)M0 + ϕϕ′1) Θ˙, (4.23b)
and
E˙M =
1
2
(C˙− C˙Θ) = 12
(
C˙− 2(ζζ˙ − ϕϕ˙)M0 − (2ϕϕ˙)1
)
= 1
2
C˙− ((ζζ ′ − ϕϕ′)M0 − ϕϕ′1) Θ˙, (4.23c)
respectively, where
ζ˙ =
dζ
dt
=
dζ
dΘ
dΘ
dt
= ζ ′Θ˙ (4.24a)
and
ϕ˙ =
dϕ
dt
=
dϕ
dΘ
dΘ
dt
= ϕ′Θ˙ (4.24b)
1See Appendix A.6.
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E = EΘ + EM
E = 1
2
(FTF− 1)
EΘ =
1
2
(FTΘFΘ − 1)
EM = E− EΘ = 12(FTF− FTΘFΘ)
γˆ = γˆΘ + γˆM
γˆ = 1
2
(FTMFM − F−TΘ F−1Θ )
γˆΘ =
1
2
(I− F−TΘ F−1Θ )
γˆM =
1
2
(FTMFM − 1)
A = AΘ +AM
A = 1
2
(1− F−TF−1)
AΘ =
1
2
(F−TM F
−1
M − F−TF−1)
AM =
1
2
(1− F−TM F−1M )
F−TΘ ( · ) F−1Θ F−TM ( · ) F−1M
F−T ( · ) F−1
R
Bˆ
χt
Figure 4.4.: Transformation of the strain measures.
are inserted to represent the time derivative of the thermal stretches. Moreover, the thermal
spatial velocity gradient tensor LΘ can be formulated by
LΘ = F˙ΘF
−1
Θ =
(
(ζ˙ − ϕ˙)M0 + ϕ˙1
) (
(ζ−1 − ϕ−1)M0 + ϕ−11
)
=
(
(ζ˙ − ϕ˙)(ζ−1 − ϕ−1) + ϕ−1(ζ˙ − ϕ˙) + ϕ˙(ζ−1 − ϕ−1)
)
M0 + ϕ
−1ϕ˙1
= (ζ−1ζ˙ − ϕ−1ϕ˙)M0 + ϕ−1ϕ˙1
=
((
ζ ′
ζ
− ϕ
′
ϕ
)
M0 +
ϕ′
ϕ
1
)
Θ˙, (4.25)
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where F−1Θ is given in (A.6.4) and
F˙Θ =
d
dt
((ζ − ϕ)M0 + ϕ1) = (ζ˙ − ϕ˙)M0 + ϕ˙1
= ((ζ ′ − ϕ′)M0 + ϕ′1) Θ˙, (4.26)
which is, in this case, a symmetric tensor, i.e., LΘ = LTΘ. Thus, the thermal strain-rate tensorDΘ
and the thermal spin tensor WΘ read
DΘ =
1
2
(LΘ + L
T
Θ) = LΘ =
((
ζ ′
ζ
− ϕ
′
ϕ
)
M0 +
ϕ′
ϕ
1
)
Θ˙ (4.27a)
and
WΘ =
1
2
(LΘ − LTΘ) = 0. (4.27b)
By applying the push-forward operation to the quantities in (4.23), the total, thermal, respec-
tively mechanical Oldroyd strain-rate tensors in the intermediate configuration are obtained by
△
γˆ =F−TΘ E˙F
−1
Θ =
˙ˆγ + LTΘγˆ + γˆLΘ
= 1
2
(
C˙M + (ζ˙ζ
−1 − ϕ˙ϕ−1)(CMM0 +M0CM) + 2ϕ˙ϕ−1CM
)
= 1
2
(
C˙M +
(
(
ζ ′
ζ
− ϕ
′
ϕ
)(CMM0 +M0CM) + 2
ϕ′
ϕ
CM
)
Θ˙
)
(4.28a)
△
γˆΘ =F
−T
Θ E˙ΘF
−1
Θ =
˙ˆγΘ + L
T
ΘγˆΘ + γˆΘLΘ = DΘ
=
(
(
ζ ′
ζ
− ϕ
′
ϕ
)M0 +
ϕ′
ϕ
1
)
Θ˙ (4.28b)
△
γˆM =F
−T
Θ E˙MF
−1
Θ =
˙ˆγM + L
T
ΘγˆM + γˆMLΘ
= 1
2
(
C˙M + (ζ˙ζ
−1 − ϕ˙ϕ−1)CMM0 + (ζ˙ζ−1 − ϕ˙ϕ−1)M0CM + 2ϕ˙ϕ−1CM
)
− (ζ˙ζ−1 − ϕ˙ϕ−1)M0 − ϕ˙ϕ−11
= 1
2
(
C˙M +
(
(
ζ ′
ζ
− ϕ
′
ϕ
)(M0CM +CMM0 − 2M0) + 2ϕ
′
ϕ
(CM − 1)
)
Θ˙
)
. (4.28c)
Here, the additive decomposition
△
γˆ =
△
γˆM +
△
γˆΘ (4.29)
holds. Use of
˙ˆγ = 1
2
d
dt
((
CM − (ζ−2 − ϕ−2)M0 + ϕ−21
))
= 1
2
(
C˙M − (−2ζ−3ζ˙ + 2ϕ−3ϕ˙)M0 − 2ϕ−3ϕ˙1
)
= 1
2
C˙M +
(
(
ζ ′
ζ3
+
ϕ′
ϕ3
)M0 − ϕ
′
ϕ3
1
)
Θ˙ (4.30)
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is made in (4.28a) and (4.28c), respectively. The strain-rate measures in the reference, interme-
diate and current configurations are summarized in Fig. 4.5.
E˙ = E˙Θ + E˙M
E˙ = 1
2
C˙
E˙Θ =
1
2
C˙Θ
E˙M =
1
2
(C˙− C˙Θ)
△
γˆ =
△
γˆΘ +
△
γˆM
△
γˆ = ˙ˆγ + LTΘγˆ + γˆLΘ
△
γˆΘ = ˙ˆγΘ + L
T
ΘγˆΘ + γˆΘLΘ
△
γˆM = ˙ˆγM + L
T
ΘγˆM + γˆMLΘ
△
A =
△
AΘ +
△
AM
△
A = A˙+ LA+ALT
△
AΘ = AΘ + LAΘ +AΘL
T
△
AM = AM + LAM +AML
T
F−TΘ ( · ) F−1Θ F−TM ( · ) F−1M
F−T ( · ) F−1
R
Bˆ
χt
Figure 4.5.: Transformation of the strain-rate measures.
4.2. Thermodynamic Consistency
The specific stress power has to be evaluated leading to
p = T˜ · E˙ = T˜ · (FTΘ
△
γˆFΘ) = FΘT˜F
T
Θ ·
△
γˆ = SˆΘ ·
△
γˆ, (4.31)
where1
SˆΘ := FΘT˜F
T
Θ (4.32)
1The Kirchhoff-type stress SˆΘ is a symmetric second-order tensor, i.e. Sˆ
T
Θ = (FΘT˜F
T
Θ)
T = SˆΘ.
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represents a Kirchhoff-type stress tensor relative to the intermediate configuration Bˆ, defined
as the push-forward of the second Piola-Kirchhoff stress tensor T˜ with the thermal part of the
deformation gradient FΘ. The Kirchhoff stress tensor S (also called the weighted Cauchy stress
tensor) is defined by
S = FT˜FT = JT, (4.33)
with T as the Cauchy stress tensor.
In view of thermo-mechanical processes the Clausius-Duhem inequality, Eq.(2.90b), has to be
fulfilled:
−ψ˙ − Θ˙s+ 1
̺R
T˜ · E˙− qR
̺RΘ
· GradΘ = −ψ˙ − Θ˙s+ 1
̺R
SΘ ·
△
γˆ − qR
̺RΘ
· GradΘ ≥ 0, (4.34)
where ψ, represents the specific strain-energy function and s is the specific entropy. The idea used
in the formulation of the strain-energy function for the case of isothermal transversal isotropy,
see Sec. 3.2, is recalled. To this end, the total strain-energy function for thermo-mechanical
transversal isotropy is additively decomposed following the multiplicative decomposition of the
deformation gradient in (4.1), i.e., into a thermal and a mechanical part. Thus, the total strain-
energy function is defined in terms of the mechanical deformation CM, the fiber orientation m0
(or M0) and the temperature Θ,1
ψ(CM,M0,Θ) = ψM(CM,M0,Θ) + ψΘ(Θ). (4.35)
A concrete expression of the thermal part ψΘ(Θ) is formulated in Sec. 4.6, see Eq.(4.91). Fur-
thermore, the mechanical part ψM(CM,M0,Θ) is assumed to be linear with respect to the tem-
perature Θ
ψM(CM,M0,Θ) =
Θ
Θ0
ψM(CM,M0). (4.36)
Another possibility is to assume temperature dependent material parameters, see e.g. (Johlitz
et al., 2010) and (Johlitz et al., 2012) for the case of isotropy. In (4.36), the strain-energy function
(3.47) is used to formulate the concrete form of the isothermal mechanical part ψM(CM,M0),2
i.e.
ψM(CM,M0) = ψ
vol(JM, I4M) + ν(λM) + ω(I
r
M)
=
K
50
(J5M + J
−5
M − 2)(I4M)−1/2 +
α
3
(λM
3
+ 3λM
−1 − 4) + β
2
(IrM − 3), (4.37)
1This formulation is analogous to the proposal introduced in (Lion, 2000) and (Heimes, 2005) for the case of
isotropic thermoelasticity. In this formulation, the mechanical part of the strain-energy function ψ(CM,M0,Θ) is
assumed to be a function of the temperature Θ, due to the linear dependency of the stress-state on temperature,
which is observed experimentally.
2Note that, here, M0 operates on the same configuration as CM does, i.e. on the intermediate configuration Bˆ,
where the unit vectors denoting the fiber orientation in the reference and intermediate configuration are identical,
see derivation of Eq.(4.8).
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where the two invariants I4M and IrM and the isochoric mechanical stretch λM read
I4M = tr(CMM0) = λ
2
M (4.38a)
IrM = trC
r
M = trCM − tr(CMM0) + 1 = IM − I4M + 1 (4.38b)
λM = J
−1/3
M λM =
(
J
ζϕ2
)−1/3
(λaζ) =
(
ζ
ϕ
)−2/3
J−1/3λa = η
−2/3 λa, (4.38c)
with
η =
ζ
ϕ
(4.39)
represents the ratio of the thermal stretch along the fiber direction to the thermal stretch in or-
thogonal directions, and
I4M = tr(CMM0) = λM
2 (4.40a)
IM = trCM = tr(F
T
MFM) = tr(F
−T
Θ F
TFF−1Θ ) = tr(CC
−1
Θ )
= tr
(
C
(
(ζ−2 − ϕ−2)M0 + ϕ−21
))
= (ζ−2 − ϕ−2) tr(CM0) + ϕ−2 tr(C)
= (ζ−2 − ϕ−2)I4 + ϕ−2I1 (4.40b)
IM = trCM = J
−2/3
M trCM = J
−2/3
M IM =
(
J
ζϕ2
)−2/3 (
(ζ−2 − ϕ−2)I4 + ϕ−2I1
)
= η2/3 (I
C
− I4) + η−4/3 I4. (4.40c)
Hence, the total strain-energy function reads
ψ(CM,M0,Θ) =
Θ
Θ0
(
ψvol(JM, I4M) + ν(λM) + ω(I
r
M)
)
+ ψΘ(Θ). (4.41)
The material time-derivative of the free energy ψ of Eq.(4.35) reads
ψ˙(CM,M0,Θ) = ψ˙M(CM,M0,Θ) + ψ˙Θ(Θ)
=
(
1
Θ0
ψM(CM,M0)
)
Θ˙ +
Θ
Θ0
dψM(CM,M0)
dCM
· C˙M + ψ′Θ(Θ)Θ˙, (4.42)
where ψ′Θ(Θ) = dψΘ(Θ)/dΘ.
From Eq.(4.28a), the time derivative of CM reads
C˙M = 2
△
γˆ −
((
ζ ′
ζ
− ϕ
′
ϕ
)
(CMM0 +M0CM) + 2
ϕ′
ϕ
CM
)
Θ˙, (4.43)
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by which Eq.(4.42) can be written as
ψ˙(CM,M0,Θ) = 2
Θ
Θ0
dψM(CM,M0)
dCM
·
△
γˆ +
[
1
Θ0
ψM(CM,M0)
− Θ
Θ0
dψM(CM,M0)
dCM
·
((
ζ ′
ζ
− ϕ
′
ϕ
)
(CMM0 +M0CM) + 2
ϕ′
ϕ
CM
)
+ ψ′Θ(Θ,M0)
]
Θ˙. (4.44)
Substituting (4.44) in (4.34) yields,
(
1
̺R
SˆΘ − 2 Θ
Θ0
dψM(CM,M0)
dCM
)
·
△
γˆ +
(
− s− 1
Θ0
ψM(CM,M0)− ψ′Θ(Θ)
+
Θ
Θ0
dψM(CM,M0)
dCM
·
(
2
ϕ′
ϕ
CM +
1
2
(
ζ ′
ζ
− ϕ
′
ϕ
)
(CMM0 +M0CM)
))
Θ˙
− qR
̺RΘ
· GradΘ ≥ 0 (4.45)
For independent thermal and mechanical processes, a sufficient condition to satisfy the Clausius-
Duhem inequality is
SˆΘ = 2̺R
Θ
Θ0
dψM(CM,M0)
dCM
(4.46)
s = − 1
Θ0
ψM(CM,M0)− ψ′Θ(Θ,M0) +
1
̺R
ϕ′
ϕ
(SˆΘ ·CM) + 1
̺R
(
ζ ′
ζ
− ϕ
′
ϕ
)
SˆΘ ·CMM0
= − 1
Θ0
ψM(CM,M0)− ψ′Θ(Θ,M0) +
1
̺R
ϕ′
ϕ
(CMSˆΘ ·1) + 1
̺R
(
ζ ′
ζ
− ϕ
′
ϕ
)
CMSˆΘ ·M0
(4.47)
− 1
̺RΘ
qR · GradΘ ≥ 0, (4.48)
where SˆΘ ·CMM0 = SˆΘ ·M0CM is inserted in (4.47) due to the symmetry of these three tensors.
We recall Eq.(4.33), i.e. the Kirchhoff stress tensor can be represented as the push-forward of
SˆΘ by the mechanical deformation gradient,
S = FT˜FT = FM FΘT˜F
T
Θ︸ ︷︷ ︸
SˆΘ
FTM = FMSˆΘF
T
M, (4.49)
leading to the alternative representation of SˆΘ ·CM in (4.47)
SˆΘ ·CM = SˆΘ ·FTMFM = FMSˆΘFTM ·1 = S ·1 = trS, (4.50)
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and, subsequently, the specific entropy takes the form
s = − 1
Θ0
ψM(CM,M0)− ψ′Θ(Θ,M0) +
1
̺R
ϕ′
ϕ
(trS) +
1
̺R
(
ζ ′
ζ
− ϕ
′
ϕ
)
CMSˆΘ ·M0. (4.51)
Note that if ζ = ϕ the last term in (4.51) vanishes and a similar expression for s in the case of
isotropic thermoelasticity is obtained with a strain-energy function depending only on CM and
Θ, i.e., the material has no preferred direction represented by M0, see (Hartmann, 2012).
Furthermore, if the Mandel stress1
P = CT˜ (4.52)
is introduced, the dot products in the last two terms in (4.47) can be represented as
SˆΘ ·CM = CMSˆΘ ·1 = CT˜ ·1 = P ·1 = trP (4.53a)
and
SˆΘ ·CMM0 = CMSˆΘ ·M0 = CT˜ ·M0 = P ·M0, (4.53b)
i.e., they represent the trace of Mandel stress and its component in the fiber direction, respec-
tively.2 Thus, Eq.(4.47) can be rewritten as3
s = − 1
Θ0
ψM(CM,M0)− ψ′Θ(Θ,M0) +
1
̺R
ϕ′
ϕ
(P ·1) + 1
̺R
(
ζ ′
ζ
− ϕ
′
ϕ
)
(P ·M0). (4.54)
4.3. Constitutive Equations for Stress-State
From (4.32), the second Piola-Kirchhoff stress tensor T˜ can be defined i.e. it represents the pull-
back of the stress tensor SˆΘ. To this end, the isothermal mechanical strain-energy function in
(4.37) has to be differentiated with respect to CM, leading to
dψM(CM,M0)
dCM
=
dψvol(JM, I4M)
dCM
+
dν(λM)
dCM
+
dω(IrM)
dCM
=
∂ψvol(JM, I4M)
∂I4M
M0 +
1
2
JM
∂ψvol(JM, I4M)
∂JM
C−1M
+
((
1
2
λM
−1
v′(λM) + (I4M
−1 − 1)w′(IrM)
)
M0CM + w
′(IrM)CM
)D
C−1M ,
(4.55)
1See (Holzapfel, 2000, p.128).
2For proof, see Appendix A.7.
3Here, the Mandel stress tensor merely serves to unify the representation of the last two terms in the entropy
equation.
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where dψvol(JM, I4M)/dCM, dν(λM)/dCM and dω(IrM)/dCM are calculated similar to the deriva-
tive dψvol(J, I4)/dC, dν(λa)/dC and dω(ICr)/dC, see (A.4.1), (A.4.3) and (A.4.7), respectively,
with
∂ψvol(JM, I4)
∂I4M
= − K
100
I
−3/2
4M (J
5
M + J
−5
M − 2) (4.56a)
∂ψvol(JM, I4M)
∂JM
=
K
10
I
−1/2
4M (J
4
M − J−6M ) (4.56b)
v′(λM) =
dv(λM)
dλM
= α(λM
2 − λM−2) (4.56c)
w′(IrM) =
dw′(IrM)
dIrM
=
β
2
. (4.56d)
Inserting (4.55) into (4.46) yields the Kirchhoff-type stress tensor SˆΘ
SˆΘ = Sˆ
vol
Θ + Sˆ
isc
Θ , (4.57)
with
Sˆ
vol
Θ = ̺R
Θ
Θ0
(
2
∂ψvol(JM, I4M)
∂I4M
M0 + JM
∂ψvol(JM, I4M)
∂JM
C−1M
)
(4.58a)
and
Sˆ
isc
Θ = ̺R
Θ
Θ0
((
λM
−1
v′(λM) + 2(I4M
−1 − 1)w′(IrM)
)
M0CM + 2w
′(IrM)CM
)D
C−1M . (4.58b)
Thus, Eqs.(4.32) and (4.57) yield the constitutive equation of the second Piola-Kirchhoff stress
T˜ = T˜vol + T˜isc, (4.59a)
where
T˜vol = F
−1
Θ Sˆ
vol
Θ F
−T
Θ = ̺R
Θ
Θ0
(
2
ζ2
∂ψvol(JM, I4M)
∂I4M
M0 +
J
ζϕ2
∂ψvol(JM, I4M)
∂JM
C−1
)
(4.59b)
and
T˜isc = F
−1
Θ Sˆ
isc
Θ F
−T
Θ
= ̺Rη
2/3 Θ
Θ0
((
I−1/24 v′(λM) + 2(η−2/3I
−1
4 − 1)w′(IrM)
)
M0C+ 2w
′(IrM)C
)D
C−1,
(4.59c)
in which the pull-back operations
F−1Θ M0F
−T
Θ =
(
(ζ−1 − ϕ−1)M0 + ϕ−11
)
M0
(
(ζ−1 − ϕ−1)M0 + ϕ−11
)
=
1
ζ2
M0
F−1Θ C
−1
M F
−T
Θ = F
−1
Θ (F
−T
Θ CF
−1
Θ )
−1F−TΘ = F
−1
Θ FΘC
−1FTΘF
−T
Θ = C
−1
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and
F−1Θ C
D
MC
−1
M F
−T
Θ = J
−2/3
M F
−1
Θ (1− 13IMC−1M )F−TΘ
= J
−2/3
M (F
−1
Θ 1F
−T
Θ − 13IMF−1Θ C−1M F−TΘ ) = J
−2/3
M (C
−1
Θ − 13IMC−1)
= (
J
ζϕ2
)−2/3
(
(ζ−2 − ϕ−2)M0 + ϕ−21− 13((ζ−2 − ϕ−2)I4 + ϕ−2I1)C−1
)
= (ζϕ2)2/3(ζ−2 − ϕ−2)(M0C− 13 I41)C−1 +
(ζϕ2)2/3
ϕ2
(C− 1
3
I
C
1)C−1
=
(
(η−4/3 − η2/3)(M0C) + η2/3C
)D
C−1
F−1Θ (M0CM)
DC−1M F
−T
Θ = J
−2/3
M F
−1
Θ (M0 − 13I4MC−1M )F−TΘ
= J
−2/3
M (F
−1
Θ M0F
−T
Θ − 13I4MF−1Θ C−1M F−TΘ )
= J
−2/3
M (
1
ζ2
M0 − 13I4MC−1) =
(
J
ζϕ2
)−2/3
(
1
ζ2
M0 − 13
I4
ζ2
C−1)
= (
ϕ
ζ
)−4/3J−2/3(M0 − 13I4C−1) = (
ϕ
ζ
)−4/3J−2/3(M0C− 13I41)C−1
= η−4/3(M0C)
DC−1
are used, respectively.
Eqs.(4.52) and (4.59), follow the Mandel stress
P = ̺R
Θ
Θ0
( 2
ζ2
∂ψvol(JM, I4M)
∂I4M
CM0 +
J
ζϕ2
∂ψvol(JM, I4M)
∂JM
1
+
(
I−1/24 v′(λM) + 2(η−2/3I
−1
4 − 1)w′(IrM)CM0 + 2w′(IrM)C
)D )
(4.60)
The Cauchy stress tensor T, defined as the push-forward of the second Piola-Kirchhoff stress
tensor T˜, reads
T =
1
J
FT˜FT = Tvol +Tisc, (4.61a)
where
Tvol =
1
J
FT˜volF
T =
̺R
J
Θ
Θ0
(
2
I4
ζ2
∂ψvol(JM, I4M)
∂I4M
M+
J
ζϕ2
∂ψvol(JM, I4M)
∂JM
1
)
(4.61b)
and
Tisc =
1
J
FT˜iscF
T
= ̺Rη
2/3 Θ
Θ0
((
I1/24 v′(λM) + 2(η−2/3 − I4)w′(IrM)
)
M+ 2w′(IrM)B
)D
, (4.61c)
65
which can also be represented by
Tisc = ̺R
Θ
Θ0
(
(λMv
′(λM) + 2w
′(IrM)(1− I4M))M+ 2w′(IrM)BM
)D
. (4.61d)
BM is the unimodular mechanical left Cauchy-Green tensor1
BM = λM
2
(1− η2)M+ η2/3B
= η2/3
(
I4(η−2 − 1)M+B
)
. (4.62)
Note that, in the case of equal stretches, i.e., η = 1, the above equation yields
BM = B, (4.63)
which represents the case of isotropic thermoelasticity, see (Hamkar and Hartmann, 2012) or
(Hartmann, 2012).
Substituting the derivatives of the strain-energy functions given in (4.56) in combination with
the definitions of λM, JM, λM and from (4.6b), (4.13) and (4.38c), respectively, in (4.59) and
(4.61) yields the concrete forms of second Piola-Kirchhoff stress
T˜ =̺R
Θ
Θ0
(
− K
50
ζ−1I
−1/2
4
((
(
J
ζϕ2
)5 + (
J
ζϕ2
)−5 − 2
)
M0 + 5I
−1
4
(
(
J
ζϕ2
)5 − ( J
ζϕ2
)−5
)
C−1
)
+
(
α(η−2/3I1/24 − η2I−3/24 ) + β(I−14 − η2/3)
)
M0C+ βη
2/3C
)D
C−1 (4.64)
and the Cauchy stresses
T =
̺R
J
Θ
Θ0
(
− K
50
ζ−1I
−1/2
4
(((
J
ζϕ2
)5
+
(
J
ζϕ2
)−5
− 2
)
M+ 5
((
J
ζϕ2
)5
− ( J
ζϕ2
)−5
)
1
)
+
((
α(η−2/3I3/24 − η2I−1/24 ) + β(1− η2/3I4)
)
M+ βη2/3B
)D )
, (4.65)
respectively. Five material parameters are included in this model, namely, the three parameters
α, β and K of the mechanical subproblem and two additional parameters αa and αn, which are
included in ζ and ϕ, respectively, related to the thermal subproblem. For the case of no change in
temperature, i.e., Θ = Θ0, the thermal stretches read ζ(0) = ζˆ(0) = 1 and ϕ(0) = ϕˆ(0) = 1, and
consequently, the above constitutive equation of Cauchy stresses is reduced to the same equation
given in (3.54) for isothermal hyperelasticity.
4.4. Investigation of the Model
In the following, the constitutive model in (4.61) is investigated under a simple tension test along
and normal to the fiber direction. In this context, the deformation gradient and the unimodular
left Cauchy-Green tensor have the same forms given Eqs.(3.56) and (3.58), respectively.
1For detailed calculations of Eq.(4.62) see Appendix A.8.
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4.4.1. Simple Tension along the Fiber Direction
In this case, the fiber direction m is set to be aligned with x1-axis of rectangular Cartesian
coordinates in the current configuration, i.e. it is parallel to the loading direction. Thus, λ1
and λ¯1 in Eqs.(3.56) and (3.58) represent the total and isochoric stretch ratios in the preferred
direction λa and λa, respectively. From Eq.(4.61) , the three components of Cauchy stress tensor
T are:
σ11 =
̺R
J
Θ
Θ0
(
2I4M
∂υ(JM , I4M)
∂I4M
+ JM
∂υ(JM , I4M)
∂JM
+
2
3
λMv
′(λM) (4.66a)
+
2
3
η2/3w′(IrM)(2η
−2/3 − λ¯22 − λ¯23)
)
0 = σ22 =
̺R
J
Θ
Θ0
(
JM
∂υ(JM , I4M)
∂JM
− 1
3
λMv
′(λM) (4.66b)
+
2
3
η2/3w′(IrM)(−η−2/3 + 2λ¯22 − λ¯23)
)
0 = σ33 =
̺R
J
Θ
Θ0
(
JM
∂υ(JM , I4M)
∂JM
− 1
3
λMv
′(λM) (4.66c)
+
2
3
η2/3w′(IrM)(−η−2/3 + 2λ¯23 − λ¯22)
)
Combining on Eqs.(4.66b) and (4.66c), leads to
λ2 = λ3 (4.67a)
JM
∂υ(JM , I4M)
∂JM
=
1
3
λMv
′(λM)− 2
3
η2/3w′(IrM)(−η−2/3 + 2λ¯23 − λ¯22), (4.67b)
and - by substituting the above equation in (4.66)1 the stress component σ11 can be written as
σ11 =
̺R
J
Θ
Θ0
(
2I4M
∂υ(JM , I4M)
∂I4M
+ λMv
′(λM) + 2η
2/3w′(IrM)(η
−2/3 − λ¯22)
)
=
̺R
J
Θ
Θ0
(
2I4M
∂υ(JM , I4M)
∂I4M
+ λMv
′(λM) + 2w
′(IrM)(1− η2/3λ¯22)
)
. (4.68)
Furthermore, inserting the derivatives of the strain-energy functions, given in (4.56), and the
definitions of λM, JM and λM form (4.6), (4.13) and (4.38c), respectively, into Eqs.(4.68)2 and
(4.67b), yield
σ11 =
̺R
J
Θ
Θ0
(
−K
50
ζ
λ1
((
J
ζϕ2
)5
+
(
J
ζϕ2
)−5
− 2
)
+ α
(
λ¯31
η2
− λ¯
−1
1
η−2/3
)
+ β(1− η2/3λ¯22)
)
(4.69)
and
K
10
ζ
λ1
((
J
ζϕ2
)5
+
(
J
ζϕ2
)−5)
= 1
3
(
α
(
λ¯31
η2
− λ¯
−1
1
η−2/3
)
+ β(1− η2/3λ¯22)
)
(4.70)
representing the two equations required to evaluate the two unknown σ11 and λ2.
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4.4.2. Simple Tension Normal to the Fiber Direction
In the second test, the load is assumed to be applied normal to the fiber direction, where the
fiber direction m0 is aligned with x2-axis of rectangular Cartesian coordinates in the current
configuration. Consequently, the three components of the stress-state in (4.61) read
σ11 =
̺R
J
Θ
Θ0
(
JM
∂υ(JM , I4M)
∂JM
1
1
3
λMv
′(λM) (4.71a)
+
2
3
η2/3w′(IrM)(−η−2/3 + 2λ¯21 − λ¯23)
)
0 = σ22 =
̺R
J
Θ
Θ0
(
2I4M
∂υ(JM , I4M)
∂I4M
+ JM
∂υ(JM , I4M)
∂JM
+
2
3
λMv
′(λM) (4.71b)
+
2
3
η2/3w′(IrM)(2η
−2/3 − λ¯21 − λ¯23)
)
0 = σ33 =
̺R
J
Θ
Θ0
(
JM
∂υ(JM , I4M)
∂JM
− 1
3
λMv
′(λM) (4.71c)
+
2
3
η2/3w′(IrM)(−η−2/3 − λ¯21 + 2λ¯23)
)
,
i.e. three equations for the three unknowns σ11, λ2 and λ3 are obtained.
4.5. Formulation of Transversely Isotropic Heat Flux
Vector
In isotropic elasticity, the Cauchy heat flux vector is defined as
q = −κ gradΘ, (4.72)
see (Hamkar and Hartmann, 2012), where the thermal conductivity κ of the material is equal in
all directions. For transversely isotropic materials, the thermal conductivity in the direction of
isotropy is different to the thermal conductivity in the other orthogonal directions. To this end,
the thermal conductivity tensor in spatial description κC is formulated as
κC = (κa − κn)m⊗m+ κn1 = (κa − κn)M+ κn1, (4.73)
where κa and κn are the thermal conductivities of the bulk material along and normal to the fiber
direction (direction of isotropy). Thus, the Cauchy heat flux vector for transversal isotropy reads
q = −κC gradΘ = − ((κa − κn)M+ κn1) gradΘ. (4.74)
Making use of the property1
gradΘ = F−T GradΘ, (4.75)
1See (Holzapfel, 2000, p.74).
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in the above equation, and substituting the resulting equation into the definition of the Piola-
Kirchhoff heat flux vector given in (2.76), yields
qR = −κRGradΘ = −J
(
I−14 (κa − κn)M0 + κnC−1
)
GradΘ, (4.76)
with
κR = JF
−1κCF
−T = JF−1 ((κa − κn)M+ κn1)F−T
= J

(κa − κn)F−1MF−T︸ ︷︷ ︸
I−14 M0
+κnF
−1F−T︸ ︷︷ ︸
C−1


= J
(
I−14 (κa − κn)M0 + κnC−1
) (4.77)
represents the thermal conductivity tensor in the material representation, where
F−1MF−T = F−1(m⊗m)F−T = F−1m⊗ F−1m = λ−1a m0 ⊗ λ−1a m0 = I−14 M0. (4.78)
This formulation satisfies the inequality of the heat conduction in (4.48)
− 1
Θ
qR · GradΘ ≥ 0, (4.79)
where the thermal conductivity tensor κR in Eq.(4.76) is a positive definite tensor for positive
thermal conductivities κa andκn, i.e. for (κa, κn) > 0.
4.6. Derivation of Heat Conduction Equation
In order to derive the heat conduction equation, the local form of energy balance (2.75b)
e˙ = − 1
̺R
Div qR + r +
1
̺R
T˜ · E˙ (4.80a)
is combined with the time derivative of Eq.(2.89)
e˙ = ψ˙ + Θ˙s+Θψ˙, (4.80b)
yielding
ψ˙ + Θ˙s+Θψ˙ = − 1
̺R
Div qR + r +
1
̺R
T˜ · E˙. (4.81)
By substituting the stress power (4.31), the time derivative of the strain-energy function (4.44)
and the specific entropy (4.47) with (4.46) into (4.81), we obtain
Θs˙+
1
̺R
Div qR − r = 0. (4.82)
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Taking the time derivative of the specific entropy in (4.54) yields
s˙ =
d
dt
(
− 1
Θ0
ψM − ψ′Θ +
1
̺R
ϕ′
ϕ
(P ·1) + 1
̺R
(
ζ ′
ζ
− ϕ
′
ϕ
)
(P ·M0)
)
= − 1
Θ0
∂ψM
∂C
· C˙− dψ
′
Θ
dΘ
Θ˙ +
1
̺R
d
dt
(
ϕ′
ϕ
(P ·1) +
(
ζ ′
ζ
− ϕ
′
ϕ
)
(P ·M0)
)
= − 1
Θ0
[
∂CM
∂C
]T
dψM
dCM
· C˙− ψ′′ΘΘ˙ +
1
̺R
d
dt
(
ϕ′
ϕ
(P ·1) +
(
ζ ′
ζ
− ϕ
′
ϕ
)
(P ·M0)
)
=cpΘ˙ + d, (4.83)
where
cp =
Θ
̺R
[
− ψ′′Θ +
ϕ′
ϕ
∂(P ·1)
∂Θ
+
(
ϕ′
ϕ
)2
(P ·1) +
(
ζ ′
ζ
− ϕ
′
ϕ
)
∂(P ·M0)
∂Θ
+
(
−
(
ζ ′
ζ
)2
+
(
ϕ′
ϕ
)2)
(P ·M0)
]
, (4.84)
is the heat capacity1 of the material body, and
d =
1
̺R
(
1
Θ
T˜+ 2
ϕ′
ϕ
∂(P ·1)
∂C
+ 2
(
ζ ′
ζ
− ϕ
′
ϕ
)
∂(P ·M0)
∂C
)
· E˙, (4.85)
represents the thermoelastic coupling, in which use of
1
Θ0
[
∂CM
∂C
]T
dψM
dCM
=
1
Θ0
[
F−1Θ ⊗ F−1Θ
]T23 dψM
dCM
=
1
2̺RΘ
F−1Θ
dψM
dCM
F−TΘ
=
1
2̺RΘ
F−1Θ SˆΘF
−T
Θ =
1
2̺RΘ
T˜ (4.86)
is made.
Thus, inserting s˙ from (4.83) into the heat conduction equation (4.82) yields the evolution
equation of the temperature field
cpΘ˙ = − 1
̺R
Div qR + r + d. (4.87)
The specific heat capacity cp can be assumed as a function of the temperature Θ only, see
(Holzapfel, 2000).2 Thus, if the terms in Eq.(4.84) associated to the deformation are ignored,
then cp can be approximated in the form
cp(Θ) ≈ Θd
2ψΘ(Θ)
dΘdΘ
, (4.88)
1The heat capacity of a material is defined as the amount of energy required to change the temperature of that
material by 1◦C, (Halliday et al., 2001, Sec.20.2).
2Experimentally, the heat capacity of a composite material is measured for the bulk of the laminate as a function
of the temperature alone, i.e. regardless the different phases of the composite, see (Cecen et al., 2009).
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leading to the expression of the thermal strain-energy function
ψΘ(Θ) =
Θ∫
Θ0
Θ∫
Θ0
1
Θ
cp(Θ)dΘ. (4.89)
According to (Heimes, 2005), for elastomers at temperatures above the glass transition tem-
perature Tg, the specific heat capacity shows a linear dependence on the temperature. In the
present work, the proposal for the specific heat capacity
cp = cp0 (1 + cpk(Θ−Θ0)) , (4.90)
see (Heimes, 2005) is used, where cp0 is the heat capacity at the reference temperature Θ0. Thus,
inserting (4.90) into (4.89) and applying the boundary conditions
ψΘ(Θ0) = 0 and
dψΘ(Θ0)
dΘ
= 0,
yield the concrete expression of the thermal strain-energy function
ψΘ(Θ) = ̺Rcp0
((
Θ−Θ0 −Θ ln Θ
Θ0
)
(1− cpkΘ0)− 1
2
cpk(Θ−Θ0)2
)
. (4.91)
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5. Numerical Solution
This chapter deals with the numerical solution of the boundary value problem (BVP) and the
initial-boundary value problem (IBVP) resulting from the combination of the balance relations
presented in Chapter 2 with the constitutive relations derived in Chapters 3 and 4 for the case of
hyperelasticity and thermo-hyperelasticity, respectively. To this end, the finite element method
(FEM), which is a main tool in Computational Mechanics today, is used. The aim of the finite
element method is to use weak formulations to find an approximate solution to the BVP and
the IBVP. The first section of this Chapter offers a brief introduction to the p-version of the
finite element method. The second section deals with the local forms of the problems under
consideration. The focus of the third section lies on the formulation of the weak forms required
in the finite elements computations, followed by the last section in which the procedure of the
numerical solution is presented.
5.1. p-Version Finite Element Method (p-FEM)
As mentioned above, the finite element method uses weak formulations to find an approximate
solution to the problem under consideration. The accuracy of the solution is increased by de-
creasing the size of the elements, i.e. by refining the mesh as in the case of the classical version
of the FEM (known as h-version), or by increasing the polynomial degree of the elements with a
fixed mesh, as in the p-version of the FEM. For the analysis of large deformation problems, the p-
FEM has been demonstrated to be an efficient tool, see (Düster et al., 2003) and (Yosibash et al.,
2007). Furthermore, it has been shown that the p-FEM, with an appropriate p-level, is locking
free for nearly incompressible problems in isotropic linear elasticity (Babus`ka and Suri, 1992a),
(Babus`ka and Suri, 1992b) and for large deformation analyses of neo-Hookean solids (Heisserer
et al., 2008). Moreover, the p-FEM is efficiently applied in the finite deformation analysis of
various physical problems, e.g. hyperelasticity (Düster et al., 2003), (Yosibash et al., 2007) and
(Netz et al., 2013a), viscoelasticity (Netz et al., 2013b) and thermo-visoelasticity (Netz, 2013),
in the modeling of open-cell foams (Düster et al., 2005) and in the context of one-dimensional
thermo-hyperelasticity (Yosibash et al., 2014). The use of elements with high polynomial de-
gree makes the p-FEM more appropriate for the analysis of thin structure problems such as the
laminated composite structures. In (Yosibash and Priel, 2011) and (Al-Kinani et al., 2014), the
p-FEM is applied to simulate the behavior of anisotropic structures. By comparing the results
with those obtained from the classical h-FEM, they were able to show that the p-FEM is more
efficient than the h-FEM for this class of problems.
In this work, the p-FEM is chosen for the spatial discretization of the weak forms formulated
in Section 5.3.
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5.2. Local Form of IBVP
In this section, the local form of the initial-boundary value problem (IBVP) for the the case of
thermo-mechanical coupled problem treated in Chapter 4, is formulated. For the boundary value
problem (BVP) derived in Chapter. 3 the local form is obtained by omitting the terms related to
the temperature and the heat flux vector. Appropriate initial and boundary conditions are required
to solve the IBVP adequately. Since in many situations the inertia has a negligible effect on the
analysis of the problem under consideration (Noll, 1995), a quasi-static analysis is considered.
Thus, the acceleration term in the balance of momentum is omitted. The initial condition for
the displacement field is set to be zero. For the temperature field, the initial condition over the
material body B in the material representation reads
Θ(X, ti) = Θ0(X) , for all X ∈ BR. (5.1)
The boundary conditions of displacement (temperature), known as Dirichlet boundary condi-
tion, and the stress (heat flux), known as Neumann boundary condition, have to be prescribed on
the surface of the material body. To this end, the surface ∂B of the material body B is decom-
posed into two parts: ∂uB (∂Θ B), where the displacement (the temperature) u (Θ) is applied and
∂sB (∂qB), where the stress vector t (heat flux vector qR) is presented.1 This decomposition is
described in the material representation by
∂BR = ∂uBR ∪ ∂sBR, ∂uBR ∩ ∂sBR = ∅, (5.2)
BR = ∂Θ BR ∪ ∂qBR, ∂Θ BR ∩ ∂qBR = ∅, (5.3)
and in the spatial representation by
∂BC = ∂uBC ∪ ∂sBC , ∂uBC ∩ ∂sBC = ∅, (5.4)
BC = ∂Θ BC ∪ ∂qBC , ∂Θ BC ∩ ∂qBC = ∅. (5.5)
For the mechanical field, the Dirichlet boundary conditions assign the displacement u over the
time interval [ti, te] ⊂ R in the reference and current configuration, respectively, i.e.
u = x−X = χ(X, t)−X = r(X, t) for all X ∈ ∂uBR and t ∈ [ti, te]. (5.6)
On the other hand, for the thermal field, the Dirichlet boundary conditions in the reference re-
spectively spatial representation read
Θ(X, t) = Θ¯(X, t) for all X ∈ ∂Θ BR and t ∈ [ti, te] (5.7)
Θ(x, t) = Θ¯(x, t) for all x ∈ ∂Θ BC and t ∈ [ti, te]. (5.8)
The Neumann boundary conditions for the mechanical field, which naturally refer to the current
configuration due to the fact that the surface forces act in the current configuration, are defined
by prescribing the Cauchy stress vector
t = Tn = s¯(x, t) for all x ∈ ∂sBC and t ∈ [ti, te]. (5.9)
1see (Haupt, 2002, Sec.2.3.5 and Sec.3.4).
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Making use of (2.15) and
da =
√
da · da = (detF)
√
nR ·C−1nRdA, (5.10)
in combination with the definition of the body force f = Tda = TRdA, see Eq.(2.33), the
Neumann boundary condition can be formulated in the reference configuration by
t =
1
(detF)
√
nR ·F−1F−TnR
TRnR
= sˆ(X, t) = s¯(χ(X, t) , t) for all X ∈ ∂sBR and t ∈ [ti, te].
(5.11)
Here, the Cauchy stress vector t is deformation dependent.
For the thermal field, the Neumann boundary condition prescribes the heat flux q in the spatial
representation as
q = −q ·n = f¯q(x, t) for all x ∈ ∂qBC and t ∈ [ti, te], (5.12)
which can also be formulated in the material representation as
q = − 1
(detF)
√
nR ·C−1nR
qR ·nR
= fˆq(X, t) = f¯q(χ(X, t) , t) for all X ∈ ∂qBR and t ∈ [ti, te],
(5.13)
based on a similar argument to the one that led to Eq.(5.11). In Eq.(5.13), qR is the Lagrange (or
Piola-Kirchhoff) heat flux vector and is related to q by Eq.(2.76). Tabs. 5.1 and 5.2 summarize
the strong forms of the BVP and IBVP, respectively. As mentioned before, the strong forms can
not be solved analytically. Instead, the FEM is used to find approximate solutions by using the
weak forms that are formulated in the next section.
5.3. Weak Form of the IBVP
In the finite element method, the weak form is used to find an approximate solution to the BVP
or IBVP. Unlike the strong form, which fulfills the equations point-wise, the weak form fulfills
the equations in an average sense. In the following, the weak form of the IBVP given in Tab. 5.2
is formulated. The weak form of the BVP given in Tab. 5.1 can be formulated by ignoring the
thermal field in the following formulation and taking only the terms related to the mechanical
field into consideration.
The weak form of the IBVP is formulated by multiplying the strong form of the balance
equations, i.e. balance of momentum and the heat conduction equation, by a test (or weighting)
function and integrate over the body domain. Thus, the approximate solution of the IBVP is to
find the trial functions
Su,t =: { u( · , t) | u (X, t) = u¯(X, t) for all X ∈ ∂uBR } (5.14)
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Table 5.1.: Strong form of the BVP.
Given the boundary conditions
u(X, t) = u¯(X, t) for all X ∈ ∂uBR and t ∈ [ti, te],
tR(X, t) = t¯R(X,F, t) for all X ∈ ∂sBR and t ∈ [ti, te],
find (u)onBR × [ti, te] such that
0 = DivTR + ̺Rf on BR × [ti, te],
with the constitutive relation
T˜ = h (C,M0) ,
where TR = F T˜.
and
Sθ,t =:
{
Θ( · , t) ∣∣ Θ(X, t) = Θ¯(X, t) for all X ∈ ∂Θ BR } (5.15)
for the displacement and the temperature, respectively, that satisfy the Dirichlet boundary con-
ditions. The test functions must vanish where the Dirichlet boundary conditions are prescribed.
For the displacement and for the temperature fields, respectively, they are defined as
Vu =:
{
δu : BR → R3
∣∣ δu (X) = 0 for all X ∈ ∂uBR } (5.16)
Vθ =: { δΘ: BR → R | δΘ(X) = 0 for all X ∈ ∂Θ BR } . (5.17)
There is no need to enforce the Neumann boundary conditions explicitly where the weak form
satisfies them automatically.1
5.3.1. Weak Form of the Balance of Momentum
In material representation, the quasi-static formulation of the weak form of the balance of mo-
mentum starts by multiplying the strong form given in Eq. (2.55b) with the test function defined
in Eq. (5.16), i.e., with the virtual displacement δu, and integrating over the domain BR, such
that ∫
BR
(DivTR + ̺Rf) · δudV =
∫
BR
DivTR · δudV +
∫
BR
̺Rf · δudV = 0, (5.18)
1See (Quint, 2012, p.87) and (Hamkar, 2013, p.64).
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Table 5.2.: Strong form of the IBVP.
Given the initial conditions
Θ(X, ti) = θi(X) , for allX ∈ BR,
and the boundary conditions
u(X, t) = r(X, t) for all X ∈ ∂uBR and t ∈ [ti, te],
tR(X, t) = s(X,F, t) for all X ∈ ∂sBR and t ∈ [ti, te],
Θ(X, t) = Tˆ (X, t) for all X ∈ ∂Θ BR and t ∈ [ti, te]
q(X, t) = fˆq(X, t) for all X ∈ ∂sBR and t ∈ [ti, te],
find (u,Θ): BR × [ti, te]→ R3 × R such that
0 = DivTR + ̺Rf on BR × [ti, te],
cpΘ˙ = − 1
̺R
Div qR + r + d on BR × [ti, te],
with the constitutive relations
T˜ = h (C,M0,Θ) ,
qR = −κRGradΘ.
which follows ∫
BR
Div
(
TTRδu
)
dV −
∫
BR
TR · Grad δudV +
∫
BR
̺Rf · δudV = 0, (5.19)
where use of the identity
(DivTR) · δu = Div
(
TTRδu
)−TR · Grad δu, (5.20)
is made. Applying the divergence-theorem to the first term in Eq. (5.19)∫
BR
Div
(
TTRδu
)
dV =
∫
∂BR
TTRδu ·nRdA =
∫
∂BR
TTRnR · δudA, (5.21)
yields ∫
∂BR
TTRnR · δudA−
∫
BR
TR · Grad δudV +
∫
BR
̺Rf · δudV = 0. (5.22)
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Furthermore, making use of Eqs. (2.32) and (2.35), i.e., tR = TRnR and TR = FT˜, and some
rearrangements lead to∫
∂BR
tR · δudA−
∫
BR
T˜ ·FT Grad δudV +
∫
BR
̺Rf · δudV = 0. (5.23)
Since T˜ is a symmetric tensor, then
T˜ ·FT Grad δu = T˜ · 1
2
(
FT Grad δu+GradTδu F
)
= T˜ · δE. (5.24)
Thus, the weak form of the balance of momentum in the material representation reads∫
BR
T˜ · δEdV =
∫
∂BR
tR · δudA+
∫
∂BR
̺Rf · δudV (5.25)
and can be identically formulated in the spatial representation as∫
BC
T · grad δudv =
∫
∂BC
t · δuda+
∫
BC
̺f · δudv. (5.26)
Table 5.3.: Weak form of the BVP.
Given the boundary conditions
u(X, t) = r(X, t) for all X ∈ ∂uBR and t ∈ [ti, te],
tR(X, t) = s(X,F, t) for all X ∈ ∂sBR and t ∈ [ti, te],
find u ∈ Su,t such that for any t ∈ [ti, te]∫
BR
T˜ · δEdV −
∫
∂BR
s · δudA+
∫
∂BR
̺Rf · δudV = 0, for allδu ∈ Vu,
with the constitutive relations
T˜ = h (C,M0) .
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5.3.2. Weak Form of the Heat Conduction Equation
To formulate the weak form of the heat conduction equation, an analogous procedure to that used
in the preceding Sec. 5.3.1 is applied, where the strong form of the heat conduction equation
Eq. (4.87) is multiplied by the virtual temperature δΘ defined in Eq. (5.17) and integrated over
the domain BR as ∫
BR
cpΘ˙δΘdV = −
∫
BR
1
̺R
(Div qR) δΘdV +
∫
BR
(r + d)δΘdV. (5.27)
Making use of the equality
Div (qRδΘ) = qR · Grad δΘ+ δΘ(Div qR) , (5.28)
then, the first term in the right-hand side of Eq. (5.27) can be written as∫
BR
1
̺R
(Div qR) δΘdV = −
∫
BR
1
̺R
Div (qRδΘ) dV +
∫
BR
1
̺R
qR · Grad δΘdV. (5.29)
Furthermore, applying the divergence-theorem to the first term in the right-hand side of Eq. (5.29)
and substituting the resulting equation in Eq. (5.27) with some rearrangements yields the material
representation of the weak form of the heat conduction equation∫
BR
̺RcpΘ˙δΘdV −
∫
BR
qR · Grad δΘdV = −
∫
∂BR
qR ·nRδΘdA+
∫
BR
̺R(r + d)δΘdV. (5.30)
The spatial representation of the weak form of the heat conduction equation reads∫
BC
̺cpΘ˙δΘdv −
∫
BC
q · grad δΘdv = −
∫
∂BC
q ·nδΘda+
∫
BC
̺(r + d)δΘdv. (5.31)
Tabs. 5.3 and 5.4 summarize the weak forms of the BVP and IBVP, respectively.
5.4. Numerical Solution using TASA-FEM
The weak forms of the BVP and the IBVP, given in Tabs. 5.3 and 5.4, respectively, are solved
numerically using the in-house finite elements code TASA-FEM, see (Hartmann, 2006a), which
is able to perform high-order in space and high-order in time computations. Here, the two step
solution procedure is considered: the spatial discretization is carried out first, followed by the
time disdretization, see (Hartmann and Rothe, 2013).
The p-version finite element method (p-FEM) is used for the spatial discretization of the weak
forms using hierarchic shape functions based on integrated Legendre polynomials are utilized.
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Table 5.4.: Weak form of the IBVP.
Given the initial conditions
Θ(X, ti) = θi(X) , for allX ∈ BR,
and the boundary conditions
u(X, t) = r(X, t) for all X ∈ ∂uBR and t ∈ [ti, te],
tR(X, t) = s(X,F, t) for all X ∈ ∂sBR and t ∈ [ti, te],
Θ(X, t) = Tˆ (X, t) for all X ∈ ∂Θ BR and t ∈ [ti, te]
q(X, t) = fˆq(X, t) for all X ∈ ∂sBR and t ∈ [ti, te],
find u ∈ Su,t and Θ ∈ Sθ,t such that for any t ∈ [ti, te]
πu
(
u,Θ, δu
)
=
∫
BR
T˜ · δEdV −
∫
∂BR
s · δudA
+
∫
BR
̺Rf · δudV = 0, for allδu ∈ Vu,
πΘ(u,Θ, δΘ) =
∫
BR
̺R(cpΘ˙− r + d)δΘdV
−
∫
BR
qR · Grad δΘdV +
∫
∂BR
qδΘdA = 0, for allδΘ ∈ Vθ,
with the constitutive relations
T˜ = h (C,M0,Θ)
qR = −κRGradΘ.
To this end, shape functions Nj are defined to approximate the unknown quantities for the me-
chanical field (i.e. displacement and virtual displacement) as
u h(x, t) = Nad(x)ua(t) = Nd(x)u(t) + Nd(x)u(t), (5.32)
δu h(x) = Nd(x) δu, (5.33)
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and for the thermal field (i.e. temperature and virtual temperature) as
Θh(x, t) = N TaΘ (x)Θa(t) = N TΘ (x)Θ(t) + N
T
Θ (x)Θ(t) (5.34)
δΘh(x, t) = N TΘ (x)δΘ, (5.35)
where ua andΘa contain all coefficients of the displacement and temperature fields, respectively,
and each of them is splitted into two parts, u, u contain the unknown respectively prescribed dis-
placement coefficients, while the unknown and prescribed coefficients of the temperature are
contained in Θ and Θ. For detailed discussions of the hierarchic shape functions, see (Szabo
and Babuska, 1991), (Düster, 2001) and (Zienkiewicz et al., 2005). Applying the spatial dis-
cretization to the weak forms of BVP and IBVP will result in a system of algebraic equations
and differential-algebraic equations (DAE), respectively.1 For the IBVP, the DAE-system reads2
0 = g (u(t),Θ(t), t) (5.36a)
Cp(Θ, t)Θ˙(t) = r (u(t), u˙(t),Θ(t), t) (5.36b)
with the initial conditions
u(t0) = 0 and Θ(t0) = Θ0, (5.37)
where Eqs.(5.36a) and (5.36b) representing the matrix forms of the spatially discretized weak
forms of the balance of linear momentum and heat conduction equation given in Tab. 5.4, respec-
tively. Making use of the ǫ-embedding method,3 the DAE-system in (5.36) can be regularized as
ǫu˙(t) = g (u(t),Θ(t), t) (5.38a)
Cp(Θ(t), t)Θ˙(t) = r (u(t), u˙(t),Θ(t), t) , (5.38b)
where the algebraic equation (5.36a) is replaced by the ordinary differential equation (ODE)
ǫu˙(t) = g (u(t),Θ(t), t) , (5.39)
which depends on the small parameter 0 < ǫ≪ 1.
Several numerical methods are available for solving a system of equations of the form (5.38),
see e.g. (Brenan et al., 1996), (Hairer and Wanner, 2002), (Kunkel and Mehrmann, 2006) and
(Rothe et al., 2012). The simplest method is the backward (implicit) Euler method, in which the
derivative of the differential equation at the current time step tn+1 is approximated by a backward
variation, i.e. making use of the solution at the previous time step t, see (Gear, 1971), (Petzold,
1Spatial discretization of a weak form of IBVP using p-FEM is presented in details by (Netz, 2013), where the
problem of thermo-viscoelasticity is considered.
2See also (Hamkar and Hartmann, 2012), (Hamkar, 2013), (Netz, 2013) and (Hartmann and Rothe, 2013).
3See (Hairer and Wanner, 2002, p.374).
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1982) and (Hairer et al., 2008) among more others. Thus, applying the backward Euler method
to the system of equations in (5.38) yields
ǫ
un+1 − un
∆t
= g (un+1,Θn+1, tn+1) (5.40a)
Cp(Θn+1, tn+1)
Θn+1 −Θn
∆t
= r
(
un+1,
un+1 − un
∆t
,Θn+1, tn+1
)
, (5.40b)
with un+1(Θn+1) and un(Θn) as the column matrices of the unknown displacement (tempera-
ture) coefficients at time step tn+1 and tn, respectively, and ∆t = tn+1 − tn is the step size. For
ǫ→ 0 the system of equations in (5.40a) is reduced to
0 = g (un+1,Θn+1, tn+1) (5.41)
Thus, applying the temporal discretization to the DAE-system results in a system of non-linear
equations {
Gu(un+1,Θn+1)
GΘ (un+1,Θn+1)
}
= 0, (5.42)
where
Gu(un+1,Θn+1) ≡ g (un+1,Θn+1, tn+1)
and
GΘ (un+1,Θn+1) ≡ Cp(Θn+1, tn+1)Θn+1 −Θn
∆t
− r
(
un+1,
un+1 − un
∆t
,Θn+1, tn+1
)
.
By introducing the vector of unknowns
yn+1 =
{
un+1
Θn+1
}
(5.44)
the system of non-linear equations in (5.42) can be represented by
G(yn+1) = 0. (5.45)
For the time discretization of this system of equations, the in-house finite elements code
TASA-FEM makes use of time-adaptive high-order diagonally implicit Runge-Kutta (DIRK)
methods. It has been shown that time-adaptive high-order DIRK methods are efficient for per-
forming computations to solve different types of problems, see (Diebels et al., 1999), (Ellsiepen
and Hartmann, 2001), (Hartmann, 2002a), (Hartmann, 2006b), (Hartmann and Bier, 2008),
(Hartmann et al., 2008) and (Hamkar and Hartmann, 2012). In the DIRK methods, the time
domain is divided into N time-steps, and each time-step n is divided into s stages. A system of
non-linear equations of the form (5.45) has to be solved at each stage i, see (Alexander, 1977),
(Hartmann, 2001), (Ellsiepen and Hartmann, 2001), (Quint, 2012) and (Netz, 2013). The system
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of non-linear equations is solved using the Newton-Raphson method (NRM), see (Deuflhard,
2006). To this end, a system of the form (5.45) is expanded to the form of a Taylor series
G(y) = G(y0) +
dG(y)
dy
∣∣∣
y=y0
{y − y0}+ . . . (5.46)
The root of the above equation is approximated by neglecting the high-order terms, i.e.
G(y) ≈ G(y0) + dG(y)
dy
∣∣∣
y=y0
{y − y0}, (5.47)
where y0 represents the starting value of the unknown y . This equation is solved in an iterative
manner to find the increment ∆y = ym+1 − ym that makes G(ym) vanish
dG(y)
dy
∣∣∣
y=ym
∆y = −G(ym), (5.48)
with the iteration index m. The iteration process of solving the system of linear equations (5.48)
is continued until the value of ∆y is obtained, at which the error associated to the approximate
solution is less than the prescribed tolerance. For the application of NRM in non-linear finite
elements analysis see (Hartmann, 2004) or (Hartmann, 2005) and references cited therein.
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6. Numerical Examples
This Chapter focuses on illustrating the capability of the two constitutive models formulated in
Chapters 3 and 4 to model transversely isotropic fiber-reinforced composites. Due to its applica-
bility and efficiency in the context of hyperelasticity, see Sect. 5.1, the p-version finite elements
based on integrated Legendre-polynomials is used in the numerical simulations. The compu-
tations are carried out using the in-house finite elements code TASA-FEM, see Sect. 5.4. The
first section of this Chapter includes two numerical examples, which demonstrate the behav-
ior of the hyperelastic model presented in Chapter 3. In the first example, Cook’s membrane
problem subjected to a shear load is considered in order to show the influence of the anisotropy
on the behavior of the structure. Furthermore, in order to show the efficiency and accuracy of
the p-version finite elements, a comparison between the classical h-version finite elements and
p-version finite elements is carried out. The influence of the fiber orientation on the material
response is investigated in the second example, where the simple tension problem is considered.
The behavior of the thermal-hyperelastic constitutive model, formulated in Chapter 4, is de-
picted by another example, in order to examine the the problem of a perforated plate subjected
to thermal and thermo-mechanical coupled deformations. In this context, the influence of the
anisotropic thermal expansion, anisotropic thermal conductivity and different fiber orientations
on the thermal and thermo-mechanical responses of the composite material is studied.
6.1. Isothermal Analysis
In the numerical computations included in this section, the material parameters given in Tab. 3.1
are employed. Several of the following results are published in (Al-Kinani et al., 2012) and
(Al-Kinani et al., 2014).
6.1.1. Cook’s Membrane
In order to show the effects that anisotropy exerts on the behavior of structures, the example of
Cook’s membrane subjected to a shear deformation in vertical direction is considered. Fig. 6.1
shows the geometry and boundary conditions of the problem, as well as the p-mesh. The Cook’s
membrane is fixed on the left-hand side. The displacement uy is applied on the right-hand side
in vertical direction, linearly increases up to 8mm. The thickness of the cantilever is set to 1mm.
Three elements are used - with 0.1mm, 0.8mm and 0.1mm in the thickness direction - and the
structure is discretized into 42 p-elements. In addition, the direction of isotropy (fiber direction)
is defined bym0 = 1/
√
3(ex+ey+ez). The first computation is done using a polynomial degree
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of 8. As shown in Fig. 6.2, a strongly pronounced out-of-plane bending deformation occurs due
to the existence of anisotropy.
A
B
x
y
z 48
44
16 uy
Figure 6.1.: Geometry, boundary conditions and p-mesh of Cook’s membrane used in the finite
element investigation (measures in mm, depth = 1mm).
The same example is investigated by means of an h-FEM implementation, where an initial
discretization, see Fig. 6.3 has 20 × 20 × 5 eight-noded hexahedral elements (nex × ney × nez
defines nex elements horizontally, ney elements vertically and nez elements in thickness direc-
tion). As shown in Fig. 6.4, an out-of-plane deformation similar to that observed by (Schröder
and Neff, 2003) is obtained, which differs from the S-shaped out-of-plane deformation resulting
from the p-FEM computation in Fig. 6.2. Applying a much finer discretization like that shown in
Fig. 6.6(d), in which the cantilever is discretized using 75×75×5 elements, leads to an S-shaped
out-of-plane bending deformation. This demonstrates that structures made of anisotropic com-
posites are very sensitive to the discretization used in the finite element computations, as depicted
in Fig. 6.5(b). In the following, the mesh and p-level sensitivity are therefore investigated in more
details. In order to show this effect, h-version finite element computations are applied making
use of eight-noded linear elements and twenty-noded quadratic elements with four different dis-
cretizations which are shown in Fig. 6.6. Tab. 6.1 shows the number of degree of freedom of the
h-version discretization. Moreover, p-version finite element computations are performed using
a polynomial degree from one to ten, i.e., p = 1, 2, . . . , 10.1 The number of degrees of freedom
(DOF) for the p-version discretizations is given in Tab. 6.2. The results of both h-version and p-
1The displacements of nodes A and B in Fig 6.1 are given in Appendix A.9 for some p-FEM computations.
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(a) x − y view of the deformed con-
figuration for uy = 8mm.
(b) y − z view of the
deformed configura-
tion for uy = 8mm.
(c) 3D view of the deformed
configuration for uy = 8mm.
Figure 6.2.: Deformed vs. original views of the tapered cantilever used in p-FEM computations
with p = 8 and m0 = 1/
√
3(ex + ey + ez).
Table 6.1.: Number of degrees of freedom of the h-version discretizations.
mesh 1 2 3 4
discretization 30× 20× 5 45× 30× 5 60× 40× 5 75× 50× 5
8-noded elements 11718 25668 45018 69768
20-noded elements 43983 97008 170733 265158
version computations are compared with a high resolution reference solution, which is obtained
by using a fine p-mesh consisting of 208 p-elements and a polynomial degree of 11, yielding
142896 degrees of freedom, as shown in Fig. 6.7(a). The background grid shown in Fig. 6.7(b) is
used to evaluate the results of both the reference solution and the h-version and p-version com-
putations for the error investigation. The relative errors in displacements, respectively, stresses
are computed by
ǫu% =
√∑3nevp
k=1 (uk − uexk)2∑3nevp
k=1 (uexk)
2
× 100 (6.1a)
and
ǫT % =
√∑6nevp
k=1 (tk − texk)2∑6nevp
k=1 (texk)
2
× 100 (6.1b)
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Figure 6.3.: 20× 20× 5 eight-noded hexahedral elements used in the h-FEM investigation.
Table 6.2.: Number of degrees of freedom of p-version discretizations for the mesh in Fig. 6.1.
p-level 1 2 3 4 5 6 7 8 9 10
no. of DOF 288 948 1608 2769 4431 6720 9762 113683 18609 24666
where uk and uexk, k = 1, 2, 3, are the components of displacements of a discretization un-
der investigation and the reference solution, respectively, both evaluated at the background grid
of Fig. 6.7(b). Identically, tk and texk, k = 1, . . . , 6, symbolize the components of Cauchy
stresses (Voigt-notation). nevp is the number of evaluation points of the background grid. The
displacements and stresses of the small elements at the corners of the cantilever are not taken
into consideration in the error measurements, in order to exclude the non-physical results near
the singularities.
The results of the relative error in displacements and stresses are plotted versus the number
of unknowns as shown in Fig. 6.8. It is evident that the p-version discretizations show a faster
convergence to the reference solution than the h-version formulations. Moreover, it overcomes
locking effects known in bending dominated structures and nearly-incompressible media, see
(Yosibash et al., 2014) and (Heisserer et al., 2008). This is also clearly shown by the slope: in
comparison to the p-version, the convergence of the stresses in the h-element quadratic formula-
tion are very large.
Since not only the error vs. DOF diagrams are of interest, Figs. 6.9 show the error versus
the CPU-time. As an example of the results, Tab. 6.3 shows the values of the errors and CPU-
time at specific points, namely p = 8 and 18750 quadratic elements of the p-FEM and h-FEM
computations, respectively. It can be observed that higher errors in displacements and stresses
are associated with a relatively high polynomial degree (p = 8). This indicates that the original
p-mesh in Fig. 6.1 should be finer. Thus, this issue is also investigated by refining the p-mesh
shown in Fig. 6.1 as shown in Fig. 6.10, i.e. the number of p-elements is increased from 42
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(a) x−y view of the deformed con-
figuration for uy = 8mm.
(b) y − z view of
the deformed con-
figuration for uy =
8mm.
(c) 3D view of the de-
formed configuration for
uy = 8mm.
Figure 6.4.: Deformed vs. original views of the tapered cantilever used in h-FEM computation
with the mesh shown in Fig. 6.3.
(a) 75 × 75 × 5 eight-noded hexahe-
dral elements
(b) 3D view of the deformed
configuration for uy = 8mm
with 75×75×5 disretization
Figure 6.5.: Tapered cantilever with fine discretization used in h-FEM computation.
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(a) 30 × 20 × 5 eight-noded hexa-
hedral elements
(b) 45 × 30 × 5 eight-noded hexa-
hedral elements
(c) 60 × 40 × 5 eight-noded hexa-
hedral elements
(d) 75 × 50 × 5 eight-noded hexa-
hedral elements
Figure 6.6.: Discretizations of the tapered cantilever used in h-FEM computations.
in the original mesh to 72 in the new one. To this end, p-version finite elements computations
are carried out with the new p-mesh using five polynomials degrees, namely, p = 4, 5, 7, 8, 10.
The errors in displacements and stresses are calculated using Eqs.(6.1a) and (6.1b), respectively.
The results are plotted versus the number of unkowns and compared to the original p-version
computations for the same polynomial degrees, as depicted in Fig. 6.11. It is evident that the
errors in displacements and stresses are reduced to a certain degree. Furthermore, the efficiency
of the p-FEM computations is increased in comparison to the h-FEM implementations, as shown
in Tab. 6.4. Thus, a p-version using a polynomial degree of 8 saves about 23% of the computation
time with a better accuracy than the h-version with 18750 twenty-noded quadratic elements.
However, according to the error measure used in Eq.(6.1b) the error in stresses is still relatively
high, where a minimum error in stresses of about 12% is obtained for p = 10, see Fig. 6.11.
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(a) Reference solution with 208 elements and
p = 11
(b) Evaluation grid with nevp = 38766
Figure 6.7.: Mesh for the reference solution and the evaluation grid.
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Figure 6.8.: Error versus number of unknowns.
Nevertheless, the application of another error measure leads to different results. If the root mean
square error (RMSE) - which is a useful measure of accuracy, see (Hyndman and Koehler, 2006)
- is used, the error in stresses for p = 10 is reduced to 0.045%. For the notations used in Eq.(6.1b)
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Figure 6.9.: Error versus CPU-time.
Table 6.3.: p-FEM with p = 8 vs. h-FEM with 18750 quadratic elements.
p-FEM (p=8) h-FEM (18750 quadrat.)
ǫu% 1.460 0.369
ǫT % 30.305 26.353
CPU-time (sec.) 3574 8282
Figure 6.10.: Refined p-mesh with 72 p-elements.
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the percentage RMSE in the stresses read
RMSET % =
√∑6nevp
k=1 (tk − texk)2
6nevp
× 100, (6.2)
The comparison between different error measures is beyond the scope of this thesis, as the pur-
pose of comparing different finite element implementations has been achieved.
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Figure 6.11.: Error versus number of unknowns (p = 4, 5, 7, 8, 10).
Table 6.4.: New p-FEM with p = 8 vs. h-FEM with 18750 quadratic elements.
p-FEM (p = 8) h-FEM (18750 quadrat.)
ǫu% 0.155 0.369
ǫT % 20.080 26.353
CPU-time (sec.) 6409 8282
6.1.2. Bone-Like Specimen under Simple Tension
In this example, the influence of the fiber orientation exerted on the behavior of the anisotropic
structures is investigated. Thus, a bone-like specimen, as commonly used in experiments, is
subjected to simple tension. Fig. 6.12 shows the geometry of the model.
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Figure 6.12.: Geometry of specimen (measures in mm, depth = 8mm).
The bone-like specimen is discretized using a fine p-mesh consisting of 120 p-elements, see
Fig. 6.13(a), and a polynomial degree p = 8 is employed. Two loading paths are applied, as de-
picted in Fig. 6.13. At the beginning, a displacement boundary condition is applied in z-direction,
and increased linearly in time up to a maximum value of uzmax = 0.8mm. This displacement is
applied to the red colored part of the specimen. This loading condition is intended to simulate
the clamping process of the specimen in the clamps of the testing machine, where the planes at
z = 0 are fixed and only the surfaces at z = 8 are moved. In the second step, a displacement
in x-direction is linearly applied up to a maximum of uxmax = 100mm, while the displacement
boundary conditions in z-direction are kept constant. This loading step describes the axial load-
ing process of the specimen in the testing machine. The computations are performed with three
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0
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u = 0
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(a) p-FEM mesh with p-level 8
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ux ,uz
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(b) Load functions
Figure 6.13.: Mesh and boundary conditions.
different fiber orientations, i.e., 0◦, 45◦ and 90◦ relative to the loading direction, and the results
are presented in Figs. 6.15 and 6.14.
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x x x
yy y
m0
m0m0
Figure 6.14.: Displacement field (in mm) in x-direction (top) and y-direction (bottom) for differ-
ent fiber orientations.
The first column of Fig. 6.14 shows the displacement fields ux(x, y, 8) and uy(x, y, 8) where
the fiber direction coincides with the x-direction, m0 = ex, φ = 0◦. If the fibers are oriented
in y-direction m0 = ey, φ = 90◦, as depicted in the third column of Fig. 6.14, we observe a
similar deformation to the case of φ = 0◦. If the fibers are oriented at an angle of φ = 45◦ in the
xy-plane, the specimen undergoes an S-shaped deformation in y-direction as shown in Fig. 6.15,
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which is a well-known effect.
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Figure 6.15.: Displacement uy(x, 15, 8) (top surface) for φ = 45◦.
6.2. Temperature-Dependent Analysis
In the following, the focus lies on investigating the capability of the constitutive model formu-
lated in Chapter 4 to simulate the behavior of composite structures under thermal and thermo-
mechanically coupled loadings. In addition to the material parameters of the mechanical sub-
problem given in Tab. 3.1, the material parameters of the thermal subproblem are required too.
Tab. 6.5 summarizes the thermal material parameters, which are obtained based on the thermal
properties of the two phases of the composites under consideration, i.e. polyamide fiber rein-
forced silicon rubber, see (Mark, 2007). The example of a perforated plate is considered here,
Table 6.5.: Thermal material parameters.
κa κn αa αn cd0 cdk Θ0 ̺R
W/(m K) W/(m K) K−1 K−1 J/(Kg K) K−1 K Kg/m3
0.4 0.2 4.53e-04 9.06e-04 1.591e+03 1.037e-03 293.15 975
in order to study the influence of anisotropic material properties on the behavior of composite
materials subjected to thermal deformations due to changes in temperature as well as thermo-
mechanical deformations. Thus, the model of a plate with a hole is generated with the geometry
and p-mesh shown in Fig. 6.16. 108 p-elements are used to discretize the plate, where three
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Figure 6.16.: Geometry and p-mesh of the perforated plate (measures in mm, thickness = 1mm).
elements are assumed in thickness direction. Firstly, the plate is assumed to be under thermal
deformations caused by a change in temperature in an adiabatic process. The displacement
and temperature boundary conditions are illustrated in Figs. 6.17 and 6.18, respectively. The
boundary conditions are applied to the red colored sides of the plate, where the plate is fixed
at the two faces. Then, the temperature is increased linearly with time from 20◦C(293.15K) to
50◦C(323.15K), as depicted in Fig. 6.18(b). The computations are carried out using a p-level of
8. The second-order time discretization scheme (Ellsiepen’s method) is applied, see (Ellsiepen
and Hartmann, 2001).
6.2.1. Anisotropic Thermal Expansion
The thermal stretches ζ and ϕ used in Eq.(4.8) to define the thermal part of the deformation
gradient tensor FΘ are represented in terms of the thermal expansion coefficients along (αa)
and normal to (αn) the preferred direction, respectively, see Eq.(4.9). In order to examine the
effect of changing the thermal expansion coefficients on the response of the composite structures,
computations with different ratios of (αa/αn) are carried out. Fig. 6.19 shows the case of a
composite with isotropic thermal coefficients, i.e. (αa/αn) = 1, in which the thermal stretches
in x- and y- axes are equal, i.e (ux/uy) = 1. If the ratio (αa/αn) is not identity, an anisotropic
behavior of the plate is observed, where different thermal stretches in the x- and y-axes are
obtained. The displacement ratio ux/uy changes linearly with the ratio (αa/αn) as a result of the
linear functions assumed in Eq.(4.9).
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Figure 6.17.: Displacement boundary conditions.
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(a) Temperature boundary conditions
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(b) Temperature load function
Figure 6.18.: Temperature boundary conditions and load function.
6.2.2. Anisotropic Thermal Conductivity
In the formulation of the anisotropic heat flux vector, see Eq.(4.74), two thermal conductivities
κa and κn are assumed, representing the thermal conductivity of the composite material along
and normal to the preferred direction. The influence of the anisotropic thermal conductivity
is investigated by changing the parameter κr = κn/κa, denoting the ratio of thermal conduc-
tivity normal to the preferred direction to the thermal conductivity along the preferred direc-
tion. The computations are performed with five different ratios of thermal conductivity, namely,
κr = 0.1, 0.25, 0.5, 0.75, 1. The fiber is set to be aligned with the x-axis, i.e. m0 = ex. The
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Figure 6.19.: Effect of anisotropic thermal expansion on the displacement field (original in blue
and deformed in gray, fiber oriented in x-axis).
results are shown in Fig. 6.20. It is evident that the change in thermal conductivity has a big
influence on the material response. In contrast to the symmetric temperature field along the fiber
direction, which is obtained for the case of κr = 1 as depicted in Fig. 6.20(e), non-symmetric
temperature fields are observed for the other ratios, see Fig. 6.20(a)- 6.20(b). This effect can
be shown more clearly by comparing the temperatures at nodes A and B for different ratios of
thermal conductivity - as shown in Fig. 6.21(a). Thus, the percentage relative difference in the
measurements resulting from neglecting the anisotropic thermal conductivity, i.e., when κr = 1.0
is considered, is calculated by
ǫΘ% =
Θiso −Θaniso
Θaniso
× 100. (6.3)
Θiso is the temperature for the case of κ = 1.0 and Θaniso represents the temperature for the cases
of κr = 0.1, 0.25, 0.5, 0.75. The percentage error ǫΘ% versus the ratio of thermal conductivity κr
is plotted in Fig. 6.21(b). For the case κr = 0.1, nodes A and B show differences in temperatures
of about 42% and about 31%, respectively - while the difference is only about 6% at both nodes if
the anisotropy of the thermal conductivity is reduced to 0.75%. This proves that it is of significant
importance to consider anisotropic thermal conductivity when analyzing the thermal behavior
of anisotropic materials, especially if the ratio of thermal conductivity shows a high value of
anisotropy, as in the case of metal fiber-reinforced polymers.
6.2.3. Fiber Orientation
In this section, two sets of computations are performed in order to show the influence of the fiber
orientation on the temperature and displacement fields. Concerning the first set of computations,
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(a) κr = 0.10 (b) κr = 0.25
(c) κr = 0.50 (d) κr = 0.75
(e) κr = 1.00
Figure 6.20.: Effect of anisotropic thermal conductivity on the temperature field (fiber oriented
in x-axis m0 = ex).
the perforated plate is subjected to the same boundary conditions that have been considered so
far, see Figs. 6.17 and 6.18, in which the plate undergoes thermal deformations caused by tem-
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Figure 6.21.: Effect of neglecting the anisotropy in thermal conductivity on the resulting temper-
ature measurements.
perature increase. To this end, computations are carried out with two different fiber orientations:
the fibers are oriented in the direction of the x-axis and with an angle of 45◦ relative to the co-
ordinate system of Fig 6.16. The ratio of thermal conductivity κr is set to be 0.1. Fig. 6.22
illustrates the results of these computations, where the temperature field is depicted for the three
fiber orientations. As expected, fibers aligned 45◦ to the (x, y)-plane show a symmetric temper-
ature distribution along the fiber orientation, as shown in Fig. 6.22(b), due to the fact that the
fiber is aligned with the axis of symmetry of the applied boundary conditions. If the fibers are
aligned with the x–axes, a fully non-symmetric temperature distribution is to be observed, see
Figs. 6.22(a).
In the second computation the perforated plate in Fig. 6.16 is assumed to be subjected to
thermo-mechanical coupled deformations. The temperature boundary conditions are kept as
given in Fig. 6.18. The displacement boundary conditions are shown in Fig. 6.23(a), where
the plate is fixed at the two red colored sides and a biaxial tension is applied on the other two
sides. The plate is pulled with a displacement of 10mm in both x and y directions (ux = uy =
10mm). The displacement is increased linearly with time, as shown in Fiq. 6.23(b). Two cases
are considered, in which the fiber is assumed to be oriented along the x-axes. Fig. 6.24 shows the
undeformed and the deformed shape of the plate, where the circular hole of the perforated plate
is deformed into an elliptical hole because of the preferred direction. Furthermore, the elliptical
hole is rotated following the fiber orientation, so that the major axis of the ellipse is aligned
with the preferred (fiber) direction. The stress components Sxx and Syy for this fiber orientation
m0 = ex are depicted in Fig. 6.25. However, the same elongation is applied along x- and y-axes
of the plate. Due to the anisotropy, different stress components Sxx and Syy are obtained.
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(a) Fiber oriented in x-axis (m0 = ex) (b) Fiber with an angle of 45◦ (m0 = (ex+
ey)/
√
2)
Figure 6.22.: Effect of fiber orientation on the temperature field.
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Figure 6.23.: Displacement boundary conditions and loading function.
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(a) Fiber oriented in x-axis (m0 = ex)
Figure 6.24.: Deformed vs. original shape of the perforated plate.
Figure 6.25.: Stress components Sxx (left) and Syy (right) in (x, y)-plane (top) and 3D-view (bot-
tom) with fiber oriented in x-axis (m0 = ex).
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7. Conclusion and Outlook
In recent years, constitutive modeling and numerical simulation of the behavior of anisotropic
materials, particularly transversal isotropic and orthotropic materials, have attained increasing
attention. This is due to the wide range of applications of anisotropic materials in both industrial
and scientific areas of application, such as in fiber-reinforced composites and bio-mechanical
systems technology.
The aim of this thesis is to develop a new constitutive model describing the behavior of trans-
versely isotropic materials under both mechanical and thermo-mechanical coupled loadings and
to use the developed model to perform numerical simulations using high-order finite elements.
First of all, for the isothermal case, a new constitutive model is formulated based on the mul-
tiplicative decomposition of the deformation gradient tensor. The model is an extension of the
volumetric/isochoric decomposition, where the isochoric deformation gradient is further decom-
posed into two parts: one part describing the deformation in the preferred direction (fiber direc-
tion) and another part that contains the remaining deformations. The proposed model fulfills the
condition of a stress-free undeformed state, and has advantages over the classical modeling given
in Sec. 3.4: firstly, it leads to a clear split of the stress-state in the preferred direction from the
remaining stresses; secondly, it overcomes the drawback of applying the volumetric/isochoric de-
coupling to the case of anisotropy. The proposed model includes only three material parameters,
which can easily be obtained from simple experiments.
The model is then extended to the case of thermo-mechanical transversal isotropy, drawing
on the multiplicative split of the deformation gradient tensor into thermal and mechanical parts.
The thermal part is formulated as a volumetric tensor with a transversely isotropic structure,
taking into consideration the distinct thermal stretches, defined in terms of thermal expansion
coefficients, along and normal to the preferred direction. The thermo-mechanical model fulfills
thermodynamical consistency. Thus, thermo-mechanically coupled constitutive equations for
the stress-state and specific entropy are derived. The heat flux vector is normally assumed by
scalar parameter times the temperature gradient, i.e., the thermal conductivities of anisotropic
materials are assumed to be the same in all directions, see for example (Zhang, 2010). This issue
is also investigated in this thesis, where a transversely isotropic heat flux vector is formulated by
considering different thermal conductivities along and normal to the direction of isotropy.
Moreover, the boundary value problem (BVP) and the initial-boundary value problem (IBVP)
resulting from the isothermal and thermo-mechanical coupled problems, respectively, are solved
numerically by means of high-order finite elements. To this end, numerical computations are
carried out using the in-house finite element program TASA-FEM, which is capable of perform-
ing high-order computations in space and time. Due to its efficiency in the analysis of large
deformation problems and the possibility of using elements with high polynomials, which is a
necessary feature to analyze thin structures such as composite laminates, the p-version finite el-
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ement method is used here. The capability of the proposed constitutive model to simulate the
behavior of transversely isotropic materials under isothermal, thermal and thermo-mechanical
loading cases is demonstrated by different numerical examples. The influence of the existence
of a preferred direction on the behavior of structures made of transversely isotropic composite
materials is addressed by considering the example of Cook’s membrane subjected to isothermal
shear deformation. In contrast to the case of isotropy, in which the structure undergoes only
in-plane deformations, a strongly apparent out-of-plane deformation is observed, caused by the
anisotropy. For comparison purposes, the same example is investigated using h-version finite
elements. In this case, it is found that if the mesh is not fine enough, an out-of-plane deformation
similar to that observed by (Schröder and Neff, 2003) will be obtained, which is different from
the S-shaped out-of-plane deformation obtained from more accurate computations. This shows
that care must be taken when performing finite elements computations for anisotropic structures
in order to investigate the mesh and p-level sensitivity of the results. This finding leads to a
comparison between the p-FEM with different p-levels and the h-FEM, based on eight-noded
linear and twenty-noded quadratic elements with different discretizations. The relative errors in
displacements and stresses are compared, proving the faster convergence of the p-FEM variant
in comparison with the convergence of h-FEM. However, a large CPU time and high p-level are
required for the p-FEM computations to reach the required accuracy, which indicates the need to
refine the p-mesh. In doing so, more efficient p-FEM results were obtained, see Fig. 6.11.
The simulations of the thermo-mechanical behavior of a perforated plate made of transversely
isotropic composite show the pronounced influence of the anisotropic thermal properties of the
composite (namely, anisotropic thermal expansion and heat conductivity) on the response of the
plate under thermal loading, where both the displacement and temperature fields are strongly
affected by changing these parameters. The advantage of counting anisotropic heat conductivity
is established by computing the error in the temperature measure at specific nodes that arises
from neglecting the anisotropy in thermal conductivity. An error of about 42% is observed for
a ratio of 10% thermal conductivity, i.e., thermal conductivity normal to the preferred direction
is equal to 10% of the thermal conductivity along the preferred direction. The error is reduced
to 6% for a ratio of 75% thermal conductivity. Thus, according to the considered example, the
anisotropic thermal conductivity should be taken into consideratio for materials with a ratio of
thermal conductivity up to 75%. Above this value, it can be ignored above this value. It should
be emphasized that this holds for applications in which a small difference in temperature has a
negligible effect on the material behavior. Otherwise, anisotropic thermal conductivity has to be
taken into account, regardless if it is of a small or a high ratio. Additionally, the effect of the ori-
entation of the preferred direction (fiber direction) is evident in all loading cases, i.e. isothermal,
thermal as well as thermo-mechanical coupled loadings, where the displacement, the tempera-
ture and the stress fields are all affected according to the orientation of the preferred direction, as
depicted in Sections 6.1.2 and 6.2.3.
The work presented in this thesis provides various possibilities of extension. In fiber rein-
forced composites, one factor that influences the behavior of the material is the fiber volume
fraction, which measures the amount of fiber contained in the composite. Thus, a possible exten-
sion could be to formulate fiber contents dependent material parameters by adapting the material
parameters included in the proposed model to experimental data, obtained from simple experi-
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ments - uniaxial tension, for example, carried out for a composite with different fiber contents.
Another item could be the extension of the model to consider the viscous effect, i.e., to formulate
a thermo-visco-hyperelastic model for transversal isotropy. Moreover, the idea of the multi-
plicative decomposition of the deformation gradient tensor used in this work could be applied to
model the behavior of materials reinforced with two fiber families, such as for arterial tissues, in
which the elastin matrix is reinforced by two collagen fibers.
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A. Appendix
A.1. Other Forms of Decomposition
During the development of the theory, several investigations were carried out that led to multi-
plicative decompositions with some essential drawbacks. These are summarized in the following.
A.1.1. First Investigation
Basically, the first idea of decomposition is to multiplicatively decompose the deformation gra-
dient F into two parts. One part, Fa describes the deformation only along the fiber direction,
while the other part contains the remaining deformation denoted by Fr,
F = FrFa (A.1.1)
This decomposition leads to the problem that there is no deformation in the remaining part,
irrespective of the deformation in the fiber direction. This can be explained as follows: the two
parts of the deformation gradient tensor are defined by
Fa = λa eˆ1 ⊗E1 + eˆ2 ⊗E2 + eˆ3 ⊗E3 (A.1.2)
Fr = FF
−1
a . (A.1.3)
This leads to the following tensors
Ca = (λaE1 ⊗ eˆ1 +E2 ⊗ eˆ2 +E3 ⊗ eˆ3) (λa eˆ1 ⊗E1 + eˆ2 ⊗E2 + eˆ3 ⊗E3)
= λaE1 ⊗E1 +E2 ⊗E2 +E3 ⊗E3
= λ2a E1 ⊗E1 −E1 ⊗E1︸ ︷︷ ︸
(λ2a−1)E1⊗E1
+E1 ⊗E1 +E2 ⊗E2 +E3 ⊗E3︸ ︷︷ ︸
1
= (λ2a − 1)m0 ⊗m0 + I (A.1.4)
= (I4 − 1)M0 + I, (A.1.5)
and
Cr = F
T
r Fr = F
−T
a F
TFF−1a = F
−T
a CF
−1
a , (A.1.6)
where m0 = E1 is assumed in (A.1.4). Thus, the three principal invariants of Ca and Cr are
ICa = trCa = I4 + 2
IICa =
1
2
(
(trCa)
2 − trC2a
)
= 2I4 + 1 (A.1.7)
IIICa = detCa = I4
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and
ICr = trCr = I1 − I4 + 1
IICr =
1
2
(
(trCr)
2 − trC2r
)
= I2 − (I4 − 1)I1 − (I−14 − 1)I5 (A.1.8)
IIICr = detCr = I3I
−1
4 ,
Similar to the final formulation in Section 3.2, a strain-energy function ψ(C,M0) is assumed,
which can be additively split into two parts
ψ(C,M0) = ψa(Ca) + ψr(Cr), (A.1.9)
where ψa(Ca) represents the strain-energy depending on the deformation along the preferred
direction only, and it can be assumed to be a function of I4 since the three principal invariants
of Ca are functions of I4. ψr(Cr) represents the remaining part of the strain-energy caused by
the deformation in the matrix material, which is regarded as a nearly incompressible isotropic
material, i.e.,
ψ(C,M0) = ψa(I4) + ψr(Jr, ICr)
= ψa(I4) + U(Jr) + wr(ICr), (A.1.10)
where
Jr = detFr = III
1/2
Cr
and I
Cr
= J−2/3r ICr .
The 2nd Piola-Kirchhoff tensor results from the direct computation of
T˜ = 2
∂ψ(C,M0)
∂C
= 2
(
dψa(I4)
dI4
dI4
dC
+
[
∂Cr
∂C
]T(
dU(Jr)
dCr
+
∂wr(ICr)
∂Cr
))
= 2
dψa(I4)
dI4
M0 + Jr
dU(Jr)
dJr
C−1 + 2J−2/3r
dwr(ICr)
dI
Cr
(C−1a − 13ICrC−1), (A.1.11)
where use of the derivatives
dI4
dC
=M0
dU(Jr)
dCr
=
dU(Jr)
dJr
dJr
dCr
= 1
2
Jr
dU(Jr)
dJr
C−1r
∂wr(ICr)
∂Cr
=
∂wr(ICr)
∂I
Cr
[
dCr
dCr
]T
∂I
Cr
∂Cr
= J−2/3r
∂wr(ICr)
∂I
Cr
(1− 1
3
ICrC
−1
r )[
∂Cr
∂C
]T
=
[[
F−Ta ⊗ F−Ta
]T23]T = [F−1a ⊗ F−1a ]T23 ,
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is made. Thus, the Cauchy stress tensor T reads
T =
1
J
FT˜FT =
1
J
(
2I4
∂ψa(I4)
∂I4
M+ Jr
∂Ur(Jr)
∂Jr
I+ 2
∂wr(ICr)
∂ICr
B
D
r
)
(A.1.12)
This constitutive model is investigated for the case of simple tension along the fiber direction,
m0 = E1, where a similar procedure to that in 3.3.1 is applied. To this end, the stress boundary
conditions σ22 = σ33 = 0 lead to λ2 = λ3. Let λq := λ2 = λ3 and make use of Ur(Jr) and
wr(ICr)
Ur(Jr) =
K
50
(J5r + J
−5
r − 2) (A.1.13)
wr(ICr) = c10(ICr − 3), (A.1.14)
then the components of the Cauchy-stresses T in the lateral directions can be written as
0 = σ22 = σ33 =
K
20
(λ10q − λ−10q ) + 13c10(λ2/3q − λ−4/3q ) = 0 (A.1.15)
Since this equation is only satisfied for λq = 1, it follows that there is no deformation in lateral
direction.
A.1.2. Second Investigation
In this investigation, the same decomposition is studied as in Section A.1.1, Fa being the iso-
choric uniaxial tension along the fiber direction, i.e.
Fa = λaeˆ1 ⊗E1 + λ−1/2a eˆ2 ⊗E2 + λ−1/2a eˆ3 ⊗E3. (A.1.16)
Thus, Ca reads
Ca = F
T
a Fa
= (λaE1 ⊗ eˆ1 + λ−1/2a E2 ⊗ eˆ2 + λ−1/2a E3 ⊗ eˆ3)(λaeˆ1 ⊗E1 + λ−1/2a eˆ2 ⊗E2 + λ−1/2a eˆ3 ⊗E3)
= λ2aE1 ⊗E1 + λ−1a E2 ⊗E2 + λ−1a E3 ⊗E3
= λ−1a (λ
3
aE1 ⊗E1 −E1 ⊗E1︸ ︷︷ ︸
(λ3a−1)E1⊗E1
+E1 ⊗E1 +E2 ⊗E2 +E3 ⊗E3︸ ︷︷ ︸
1
)
= λ−1a
(
(λ3a − 1)M0 + I
) (A.1.17)
= I
−1/2
4
(
(I
3/2
4 − 1)M0 + I
)
, (A.1.18)
while Fr and Cr have the same definition as in the first investigation, see (A.1.3) and (A.1.6).
The three principal invariants of Ca and Cr are
ICa = I4 + 2I4
IICa = 3I
−1
4 + 2I
1/2
4 (A.1.19)
IIICa = 1,
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and
ICr = (I1 − I4)I1/24 + 1
IICr = I2I4 − (I24 − I1/24 )I1 − (I4 − I−1/24 )I5 (A.1.20)
IIICr = I3.
By using the same additively decomposed strain-energy function as before, the same constitutive
model as in (A.1.12) is obtained. When the resulting model is investigated with the help of
Eqs.(A.1.13) and (A.1.14), the components of T in the lateral directions read
0 = σ22 = σ33 =
K
20
(
(λ1λ
2
q)
5 − (λ1λ2q)−5
)
+ 1
3
c10(λ1λ
2
q)
1/3
(
1− (λ1λ2q)−1
)
, (A.1.21)
with λq = λ−1/21 . From this equation, it becomes clear that the deformation is always isochoric
for a uniaxial tensile problem. In other words, it is not possible to model a material with a
Poisson-ratio less than 0.5.
A.1.3. Third Investigation
By way of a further trial to overcome the problem mentioned above, a modification of Fa is
employed to describe an equi-biaxial deformation on the transverse directions in addition to the
iso-choric uniaxial deformation along the fiber direction
Fa = λaeˆ1 ⊗E1 +
(
J
λa
)1/2
eˆ2 ⊗E2 +
(
J
λa
)1/2
eˆ3 ⊗E3, (A.1.22)
implying
Ca =
J
λa
((
λ3a
J
)
M0 + I
)
(A.1.23)
=
J
I
1/2
4
((
I
3/2
4
J
)
M0 + I
)
. (A.1.24)
Again, Fr and Cr have the same definitions as before. The three principal invariants of Ca and
Cr read
ICa = I4 + 2
(
I3
I4
)1/2
IICa =
I3
I4
+ 2(I3I4)
1/2 (A.1.25)
IIICa = I3
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and
ICr =
(
I4
I3
)1/2
I1 −
(
I34
I3
)1/2
+ 1
IICr = I2 +
(
1−
(
I34
I3
)1/2)(
I4
I3
)
I1 +
(
1−
(
I3
I34
)1/2)(
I4
I3
)
I5 (A.1.26)
IIICr = 1
In this case, the total volume change in the material is included in Fa. Using a form of additively
decomposed strain-energy function
ψ(C,M0) = ψa(I4, J) + wr(ICr), (A.1.27)
with,
ψa(I4, J) = v(I4) +
K
50
(J5 + J−5 − 2)
wr(ICr) = c10(ICr − 3)2
a constitutive model of the form
T =
2
J
(
I4
∂ψa(I4, J)
∂I4
M+ 1
2
J
∂ψa(I4, J)
∂J
I+
∂wr(ICr)
∂ICr
Br
)
. (A.1.28)
is obtained. This model is again studied for the uniaxial tensile problem leading to the equation
0 = σ22 = σ33 =
K
20
(J5 − J−5) (A.1.29)
for the lateral direction. This produces the result that
λq = λ
−1/2
1 ,
which means that the material always behaves as an incompressible material. The same result is
reported by Guo et al. (2008), who assumed the same form of the deformation gradient and also
mentioned this type of problem. Again, based on this assumption, it is not possible to model the
behavior of a material with a Poisson-ratio different to an incompressible material.
A.2. Invariants of Cr
The tensor Cr is defined in (3.35) as the push-forward of the unimodular right Cauchy-Green
tensor C, i.e.,
Cr = F
−T
a CF
−1
a .
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Thus, the three principal invariants of Cr are calculated
ICr = trCr = tr(F
−T
a CF
−1
a ) = tr(CF
−1
a F
−T
a ) = tr(CC
−1
Θ )
= tr
(
C
(
(I−14 − 1)M0 + 1
))
= (I−14 − 1) tr(CM0) + trC = (I−14 − 1)I4 + IC
= I
C
− I4 + 1
IICr =
1
2
(
(trCr)
2 − trC2r
)
= 1
2
(
(I
C
− I4 + 1)2 − (I2C + I
2
4 − 2(IIC + I4) + 2(I−14 − 1)I5 + 1)
)
= II
C
+ I
C
(1− I4) + I5(1− I−14 )
IIICr = detCr = det(F
−T
a CF
−1
a ) = det tr(CC
−1
Θ ) = detC detC
−1
Θ = det
(
(I−14 − 1)M0 + 1
)
= det
(
(I−14 − 1)M0
)
+ cof
(
(I−14 − 1)M0
)
·1+ (I−14 − 1)M0 · cof(1) + det(1)
= (I−14 − 1)3 detM0 + (I−14 − 1)2 cofM0 ·1+ (I−14 − 1)M0 · cof 1+ det1
= (I−14 − 1)M0 ·1+ 1 = (I−14 − 1) + 1
= I−14
using
trC2r = tr(F
−T
a CF
−1
a F
−T
a CF
−1
a ) = tr(C F
−1
a F
−T
a︸ ︷︷ ︸
C
−1
a
C F−1a F
−T
a︸ ︷︷ ︸
C
−1
a
)
= tr(CC−1Θ CC
−1
Θ ) = CC
−1
Θ ·C−1Θ C = C
(
(I−14 − 1)M0 + 1
)
·
(
(I−14 − 1)M0 + 1
)
C
=
(
(I−14 − 1)CM0 +C
)
·
(
(I−14 − 1)M0C+C
)
= (I−14 − 1)2CM0 ·M0C︸ ︷︷ ︸
I24
+(I−14 − 1)(CM0 ·C︸ ︷︷ ︸
I5
+C ·M0C︸ ︷︷ ︸
I5
) +C ·C︸ ︷︷ ︸
trC
2
= I24(I
−1
4 − 1)2 + 2I5(I−14 − 1) + trC
2
= I24(I
−2
4 − 2I−14 + 1) + 2I5(I−14 − 1) + trC
2 − I2
C︸ ︷︷ ︸
−2II
C
+I2
C
= I2
C
+ I24 − 2(IIC + I4) + 2(I−14 − 1)I5 + 1
to calculate the second invariant IICr , with
CM0 ·M0C = FTFM0 ·M0FTF = FM0FT ·FM0FT
= (I4M) cot(I4M) = I
2
4M ·M︸ ︷︷ ︸
1
= I24
CM0 ·C = C ·M0C = C2 ·M0 = I5.
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A.3. Calculation of C−1a
The tensor Ca is given by Eq.(3.29), i.e.,
Ca = (λ
2
a − 1)M0 + 1 = (I4 − 1)M0 + 1
The inverse of Ca is calculated by applying the Cayley-Hamilton Theorem, which states that if
a square tensor is set in its own characteristic polynomial, the result is zero or, in other words,
the tensor satisfies its own characteristic equation, see (Hartmann, 2003) and (Ogden, 1997). To
this end, the characteristic polynomial of Ca reads
−C3a + ICaC2a − IICaCa + IIICa1 = 0, (A.3.1)
leading to
C−1a =
1
IIICa
(
C2a − ICaCa + IICa1
)
, (A.3.2)
with
C2a =
(
(I4 − 1)M0 + 1
) (
(I4 − 1)M0 + 1
)
=
(
(I4 − 1)2 + 2(I4 − 1)
)
M0 + 1
=
(
I24 − 2I4 + 1 + 2I4 − 2)
)
M0 + 1
= (I24 − 1)M0 + 1
and the three principal invariants of Ca read
ICa = trCa = I4 + 2
IICa =
1
2
((trCa)
2 − trC2a) = 2I4 + 1
IIICa = detCa = I4,
see Eq.(3.30). Thus, inserting Ca, C2a as well as the three invariants ICa , IICa and IIICa into
Eq.(A.3.2), gives
C−1a =
1
I4
(
(I24 − 1)M0 + 1− (I4 + 2)
(
(I4 − 1)M0 + 1
)
+ (2I4 + 1)1
)
=
1
I4
(
(I24 − 1)M0 + 1− (I24 + I4 − 2)M0 − (I4 + 2)1+ (2I4 + 1)1
)
=
1
I4
(
(1− I4)M0 + I41
)
= (I−14 − 1)M0 + 1. (A.3.3)
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A.4. Calculation of 2nd Piola-Kirchhoff Stress Tensor
The calculation of the 2nd Piola-Kirchhoff stress tensor, given in Eq.(3.48), requires the deriva-
tives of the strain-energy functions in (3.47) with respect to the right Cauchy-Green tensor C.
The beginning is with the term ∂ψvol(J, I4)/∂C
DC ψ
vol(J, I4)[H] =
1
2
(
∂ψvol(J, I4)
∂J
JC−1 + 2
∂ψvol(J, I4)
∂I4
M0
)
︸ ︷︷ ︸
dψvol(J, I4)
dC
·H = (A.4.1)
=
I
−1/2
4
2
(U ′(J)JC−1 − ψvol(J, I4)M0) ·H
with
U ′(J) =
K
10
(J4 − J−6)
and
∂ψvol(J, I4)
∂I4
= −1
2
U(J)I
−3/2
4 .
In this case, the Gateaux-derivative is employed
D f(x)[h] =
d
ds
f(x+ sh)|s=0 .
The second expression results from the Gateaux-derivative of the function v(λa),
DC v(λa(C(C)))[H] = v
′(λa)DC λa(C(C))[H].
Using definitions (3.23) and (3.7) requires the differential
H1 = DCC(C)[H] = DC ((detC)
−1/3C)[H] = (detC)−1/3
[
I − 1
3
C⊗C−1
]
H (A.4.2)
with the fourth-order identity tensor
I := [I⊗ I]T23 = δikδjlei ⊗ ej ⊗ ek ⊗ el,
IA = A. The transposition T23 indicates the exchange of the second and third index leading to
the property
[A⊗B]T23 C = ACBT,
see, for example, Hartmann (2002b) or Hartmann (2003). For
DC λa(C(C))[H] = D λa(C)[DCC(C)[H]] = D λa(C)[H1]
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with H1 of Eq.(A.4.2), the chain-rule is applied, see Bowen (1989). Based on Eq.(3.23), it
follows
D λa(C)[H1] =
1
2
(C ·M0)−1/2M0 ·H1 =
=
I −1/24
2
M0 · (detC)−1/3
[
I − 1
3
C⊗C−1
]
H =
=
I −1/24 (detC)−1/3
2
[
I − 1
3
C−1 ⊗C
]
M0 ·H =
=
I −1/24 (detC)−1/3
2
(
M0 − I4
3
C−1
)
·H.
The derivative accordingly reads
dv(λa)
dC
= 1
2
v′(λa)I
−1/2
4 (detC)
−1/3
(
M0 − I4
3
C−1
)
(A.4.3)
= 1
2
v′(λa)I
−1/2
4 (detC)
−1/3
(
M0C− 13I41
)
C−1
= 1
2
v′(λa)I
−1/2
4
(
M0C− 13 I41
)︸ ︷︷ ︸
(M0C)D
C−1
= 1
2
v′(λa)I
−1/2
4 (M0C)
DC−1 (A.4.4)
The derivative of w(Cr) with respect to C is more complicated. Again the chain-rule is applied
DCw(Cr(C(C)))[H] = Dw(Cr)
H2︷ ︸︸ ︷
[DCr(C) [DCC(C)[H]]︸ ︷︷ ︸
H1
] (A.4.5)
with H1 given in Eq.(A.4.2). Using definition (3.35) leads to the differential
H2 = DCCr(C)[H1] = F
−T
a H1F
−1
a =
[
F−Ta ⊗ F−Ta
]T23
H1 =
= (detC)−1/3
[
F−Ta ⊗ F−Ta
]T23 [I − 1
3
C⊗C−1
]
H.
Inserting this expression into Eq.(A.4.5), yields
DCw(Cr(C(C)))[H] = (detC)
−1/3 dw
dCr
· [F−Ta ⊗ F−Ta ]T23
[
I4 − 1
3
C⊗C−1
]
H =
= (detC)−1/3F−1a
dw
dCr
F−Ta ·
[
I − 1
3
C⊗C−1
]
H. (A.4.6)
The term
F−1a
dw(ˆICr)
dCr
F−Ta
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is obviously the pull-back operation of a stress-tensor
Sˆ =
dw(ˆICr)
dCr
,
which operates on the intermediate configuration Bˆ, see Fig. 3.2. For the strain-energy function
(3.44), the derivative
dw(ˆICr)
dCr
=
β
2
1
is obtained, leading to
DCw(Cr)[H] = w
′(ˆICr)(detC)−1/3
(
C−1a −
1
3
(C ·C−1a )C−1
)
·H =
= w′(ˆICr)(detC)−1/3
(
(λ
−2
a − 1)M0 + I−
1
3
(trC+ λ2a(λ
−2
a − 1))C−1
)
=
= w′(ˆICr)
(
(detC)−1/3((I−14 − 1)M0 + I)−
1
3
(I
C
− I4 + 1)C−1
)
= w′(ˆICr)
(
(I−14 − 1) detC−1/3(M0C− 13I41)C−1 + detC−1/3(C− 13I11)C−1
)
= w′(ˆICr)

(I−14 − 1) (M0C− 13 I41)︸ ︷︷ ︸
(M0C)D
C−1 + (C− 1
3
I
C
1)︸ ︷︷ ︸
C
D
C−1


= w′(ˆICr)
(
(I−14 − 1)(M0C)DC−1 +C
D
C−1
)
= w′(ˆICr)
(
(I−14 − 1)M0C+C
)D
C−1 (A.4.7)
Of course, IˆCr has to be substituted by Eq.(3.37a).
Eq.(A.4.6) uses the properties
[
[A⊗B]T23
]T
=
[
AT ⊗BT ]T23 (A.4.8)
[A⊗B]T23 [C⊗D]T23 = [AC⊗BD]T23 (A.4.9)
A · CB = CTA ·B (A.4.10)
with
CT = cklijei ⊗ ej ⊗ ek ⊗ el.
Combining Eqns.(A.4.1), (A.4.3) and (A.4.7) leads to Eq.(3.48).
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A.5. Tangent Operator
The fourth order tangent operator is expressed in relation to the reference configuration
C˜ := 2dT˜
dC
= 4
∂2ψ(C,M0)
∂C∂C
. (A.5.1)
Using the strain-energy function defined in Eq.(3.47), or the 2nd Piola-Kirchhoff stress tensor
(3.48), the tangent operator C˜ takes the following form
C˜ = C˜1 + C˜2 + C˜3 + C˜4 + C˜5
with
C˜1 = (I−24 λa
(−v′(λa) + λa v′′(λa))+ 4 I−24 (−w′(ˆICr) + w′′(ˆICr))
+ 4 J−2/3(J−2/3 − 2 I−14 )w′′(ˆICr) + 4
∂2ψvol
∂I4∂I4
) [M0 ⊗M0]
C˜2 = (1
9
λa
(
v′(λa) + λa v
′′(λa)
)
+
4
9
((I
C
− I4)
(
w′(ˆICr) + 2w′′(ˆICr)
)
+ (I2
C
+ I24 − 2 IC I4 + 3 J−2/3 IC + 1)w′′(ˆICr)) + J (
∂ψvol
∂J
+ J
∂2ψvol
∂J∂J
)) [C−1 ⊗C−1]
C˜3 = (−13 I−14 λa (v′(λa) + λa v′′(λa)) +
4
3
(J−2/3
(
w′(ˆICr) + 2w′′(ˆICr)
)
+ (J−2/3 (I
C
− I4)− I−14 (I1 + 1))w′′(ˆICr))) [M0 ⊗C−1 +C−1 ⊗M0]
C˜4 =4 J−2/3 (I−14 − J−2/3)w′′(ˆICr) [M0 ⊗ 1+ 1⊗M0]
+
4
3
J−2/3 (−I
C
+ I4 − 2)w′′(ˆICr) [C−1 ⊗ 1+ 1⊗C−1]
C˜5 = 4 J−4/3w′′(ˆICr) [1⊗ 1] + (23 λa v′(λa) +
4
3
I
C
w′(ˆICr)− 2J
∂ψvol
∂J
) [C−1 ⊗C−1]T23
In the case of small strains, which is common with composite materials, the elasticity tensor C˜0
reads
C˜0 := C˜|F=I = 2(2α− β)[M0 ⊗M0] + 23(−2α + β)[M0 ⊗ 1+ 1⊗M0]
+
(
4
9
(α + β) +K
)
[1⊗ 1] + 2β[1⊗ 1]T23 .
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For a0 = e1, C˜0 reads
C˜0 =


1
9
(16α + 14β) +K 1
9
(−8α + 10β) +K 1
9
(−8α + 10β) +K 0 0 0
1
9
(−8α + 10β) +K 1
9
(4α + 22β) +K 1
9
(4α + 4β) +K 0 0 0
1
9
(−8α + 10β) +K 1
9
(4α + 4β) +K 1
9
(4α + 22β) +K 0 0 0
0 0 0 2β 0 0
0 0 0 0 2β 0
0 0 0 0 0 2β


(A.5.2)
in the matrix representation, which is defined by five different coefficients being the number of
coefficients required for the case of transverse isotropy, see Green and Zerna (1992).
A.6. Calculation of the Inverse of Thermal Part Of The
Deformation Gradient F−1Θ
The thermal part of the deformation gradient tensor is defined in Eq.(4.8) as
FΘ = (ζ − ϕ)M0 + ϕ1
Analogous to the procedure given in A.3, the inverse ofFΘ is calculated by applying the Cayley-
Hamilton Theorem. Thus, the characteristic polynomial of FΘ is given by
−F3Θ + IFΘF2Θ − IIFΘFΘ + IIIFΘ1 = 0, (A.6.1)
yielding,
F−1Θ =
1
IIIFΘ
(
F2Θ − IFΘFΘ + IIFΘ1
)
. (A.6.2)
The first term in the parenthesis read
F2Θ = ((ζ − ϕ)M0 + ϕ1) ((ζ − ϕ)M0 + ϕ1)
=
(
(ζ − ϕ)2 + 2(ζ − ϕ))M0 + ϕ21
= (ζ2 − ϕ2)M0 + ϕ21,
and the three principal invariants of FΘ are
IFΘ = trFΘ = tr ((ζ − ϕ)M0 + ϕ1) = ζ + 2ϕ
IIFΘ =
1
2
(
(trFΘ)
2 − trF2Θ
)
= 1
2
(
(ζ + 2ϕ)2 − (ζ2 + 2ϕ2)) = 2ζϕ− ϕ2 (A.6.3)
IIIFΘ = detFΘ = det ((ζ − ϕ)M0 + ϕ1) = ζϕ2,
where the third invariant IIIFΘ is calculated in (4.11), and
trF2Θ = tr
(
(ζ2 − ϕ2)M0 + ϕ21
)
= (ζ2 − ϕ2) trM0 + ϕ2 tr1
= (ζ2 − ϕ2) + 3ϕ2 = ζ2 + 2ϕ2
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Inserting FΘ, F2Θ and the above three invariants (IFΘ , IIFΘ , IIIFΘ) into Eq.(A.6.2), yields
F−1Θ =
1
ζϕ2
(
(ζ2 − ϕ2)M0 + ϕ21− (ζ + 2ϕ) ((ζ − ϕ)M0 + ϕ1) + (2ζϕ− ϕ2)1
)
=
1
ζϕ2
(
(ϕ2 − ζϕ)M0 + ζϕ1
)
= (ζ−1 − ϕ−1)M0 + ϕ−11. (A.6.4)
Furthermore, the inverse of the thermal left Cauchy-Green tensor, required in (4.21a) and (4.21b),
can be calculated
B−1Θ = F
−T
Θ F
−1
Θ
=
(
(ζ−1 − ϕ−1)M0 + ϕ−11
) (
(ζ−1 − ϕ−1)M0 + ϕ−11
)
=
(
(ζ−1 − ϕ−1)2 + 2(ζ−1 − ϕ−1))M0 + ϕ−21
= (ζ−2 − ϕ−2)M0 + ϕ−21. (A.6.5)
The inverse of the thermal right Cauchy-Green tensor C−1Θ is the transpose of B−1Θ , i.e.,
C−1Θ = F
−1
Θ F
−T
Θ = (B
−1
Θ )
T =
(
(ζ−2 − ϕ−2)M0 + ϕ−21
)T
= (ζ−2 − ϕ−2)M0 + ϕ−21. (A.6.6)
A.7. Proof of the Identities Given in Eqs.(4.53a) and
(4.53b)
The constitutive equation of the specific entropy, see (4.47), contains the two terms SˆΘ ·CM and
SˆΘ ·CMM0, which are rewritten as trP and P ·M0 in Eqs.(4.53a) and (4.53b), respectively,
with P as the Mandel stress tensor. Here, the proof of these two identities is presented. First of
all, Eqs.(4.1) and (4.32) are recalled, i.e.,
F = FMFΘ =⇒ FM = FF−1Θ
and
SˆΘ = FΘ T˜ F
T
Θ
To this end, the first term SˆΘ ·CM can easily be proven
SˆΘ ·CM = FΘ T˜ FTΘ ·FTMFM = T˜ ·FTΘFTMFMFΘ = T˜ · (FMFΘ)T (FMFΘ)
= T˜ ·FTF = T˜ ·C = CT˜ · 1 = P ·1 = trP. (A.7.1)
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Similarly, the second term SˆΘ ·CMM0 is reformulated as
SˆΘ ·CMM0 = FΘ T˜ FTΘ ·FTMFMM0 = FΘ T˜ FTΘ · (FF−1Θ )T (FF−1Θ )M0
= FΘ T˜ F
T
Θ ·FTΘFTFF−1Θ = T˜ · FTΘF−TΘ︸ ︷︷ ︸
1
FTF︸︷︷︸
C
F−1Θ M0FΘ︸ ︷︷ ︸
M0
= T˜ ·CM0 = CT˜ ·M0 = CT˜ · M0 = P ·M0, (A.7.2)
where
F−1Θ M0FΘ =
(
(ζ−1 − ϕ−1)M0 + ϕ−11
)
M0 ((ζ − ϕ)M0 + ϕ1)
=
(
(ζ − ϕ)(ζ−1 − ϕ−1) + ϕ−1(ζ − ϕ) + ϕ(ζ−1 − ϕ−1) + 1)M0
=M0, (A.7.3)
in which the definitions of FΘ and F−1Θ given in Eqs.(4.8) and (A.6.4) are employed.
A.8. Calculation of the Mechanical Unimodular Left
Cauchy-Green Tensor BM
As shown in Eq.(4.62), the mechnaical unimodular left Cauchy-Green tensor BM can be repre-
sented in term of the total unimodular left Cauchy-Green tensor B and the structural tensor M.
This formulation is explained in the following. The Unimodular mechanical tensor is defined as
BM = J
−2/3
M BM (A.8.1)
with
BM = FM F
T
M = FF
−1
Θ F
−T
Θ F
T = FC−1Θ F
T = F
(
(ζ−2 − ϕ−2)M0 + ϕ−21
)
FT
= (ζ−2 − ϕ−2)FM0FT + ϕ−2F1FT = (ζ−2 − ϕ−2)Fm0 ⊗ Fm0 + ϕ−2FFT
= (ζ−2 − ϕ−2) ζ2λ2Mm⊗m+ ϕ−2B = (1−
ζ2
ϕ2
)λ2Mm⊗m+ ϕ−2B,
= λ2M (1−
ζ2
ϕ2
)M+
1
ϕ2
B, (A.8.2)
in which, C−1Θ from (A.6.6) is inserted, and use of the property
FM0F
T = F (m0 ⊗m0)FT = Fm0 ⊗ Fm0 = ζ2λ2Mm⊗m,
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is made, where Fm0 = ζλMm is given by (4.5). Substituting the determinant of the mechanical
deformation JM given in (4.13) and the final result of (A.8.2) into (A.8.1) yields
BM = J
−2/3
M λ
2
M (1−
ζ2
ϕ2
)M+ ϕ−2 (ζϕ2)2/3J−2/3B
= λM
2
(1− ζ
2
ϕ2
)M+
ζ2/3
ϕ2/3
J−2/3B
= λM
2
(1− η2)M+ η2/3B
= η−2/3 λ
2
a (1− η2)M+ η2/3B
= η2/3
(
λ
2
a(η
−2 − 1)M+B
)
, (A.8.3)
where λM = η−2/3 λ
2
a is inserted, see Eq.(4.38c).
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A.9. Some Results of Cook’s Membrane Example
Table A.1.: Displacements of point A at time t = 0.5 sec and t = 1 sec.
t = 0.5 sec. t = 1 sec.
p-Level x-X y-Y z-Z displ. x-X y-Y z-Z displ.
1 -2.8337 4.0 -0.6329 4.9102 -6.0518 8.0 -1.4806 10.140
3 -7.7669 4.0 12.644 15.354 -17.027 8.0 17.046 25.387
5 -7.2815 4.0 -9.5665 12.667 -14.858 8.0 -12.154 20.796
7 -7.1776 4.0 -8.9838 12.161 -14.851 8.0 -10.591 19.918
9 -7.1464 4.0 -8.8675 12.057 -14.765 8.0 -10.495 19.803
10 -7.1447 4.0 -8.8655 12.055 -14.750 8.0 -10.502 19.795
Table A.2.: Displacements of point B at time t = 0.5 sec and t = 1 sec.
t = 0.5 sec. t = 1 sec.
p-Level x-X y-Y z-Z displ. x-X y-Y z-Z displ.
1 -1.2381 1.2719 -0.0825 1.7769 -2.5368 2.5743 -0.0927 3.6154
3 -0.5958 0.2538 -1.1193 1.2929 -1.3893 0.7299 -0.2573 3.6154
5 -3.2772 0.3823 -7.5841 8.2707 -8.4010 0.4833 -12.851 15.361
7 -3.2938 0.3764 -7.4312 8.1371 -8.4353 0.5579 -12.525 15.111
9 -3.2966 0.3769 -7.4035 8.1130 -8.4707 0.6185 -12.299 14.947
10 -3.2968 0.3771 -7.4040 8.1136 -8.4802 0.6334 -12.249 14.912
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B. List of Symbols
B Material body
P Material point
E
3 Euclidean space
K Configuration of a material body
R Reference configuration of a material body
χt Current configuration of a material body
X Number triplets of a material point in the reference configuration
x Number triplets of a material point in the current configuration
χ Deformation function represent the motion of a material body
t Time
C(ξ) A smooth curve in reference configuration
c(ξ) A smooth curve in current configuration
F Deformation gradient tensor
dX Material line element in reference configuration
dx Material line element in current configuration
Grad Gradient of a vector field in material representation
grad Gradient of a vector field in spatial representation
det Determinant of a tensor field
J Determinant of the deformation gradient tensor F
u Displacement vector
1 Identity second-order tensor
(•)T Transpose of a tensor field (•)
dA Material surface element in reference configuration
da Material surface element in current configuration
dV Material volume element in reference configuration
dv Material volume element in current configuration
cof Cofactor of a tensor field
v Velocity of a material line element
a Acceleration of a material line element
L Spatial velocity gradient tensor
D Strain-rate tensor
W Spin tensor
(˙•) Time derivative d(•)/dt
U Right stretch tensor
V Left stretch tensor
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R Rotation tensor
C Right Cauchy-Green tensor
B Left Cauchy-Green tensor
E Green strain tensor
A Almansi strain tensor
n Normal unit vector in current configuration
t Cauchy stress vector
T Cauchy stress tensor
nR Normal unit vector in reference configuration
tR Piola-Kirchhoff stress vector
TR First Piola-Kirchhoff stress vector
f Body force vector
T˜ Second Piola-Kirchhoff stress tensor
Li Stress power
( · ) Scalar product
m Mass of a material body
̺ Mass density of a material body in current configuration
̺R Mass densities of a material body in reference current
J Linear momentum
F Resulting force
div Divergence in spatial representation
Div Divergence in material representation
DC Angular momentum
M C Resultant moment
c A positioning vector
3
ǫ Third order permutation tensor
K Kinetic energy
E Internal energy
Le Mechanical work
Q Heat supply
e Specific internal energy per unit mass
q Heat flux vector in spatial representation
r Volume-distributed heat supply
q Heat flux
qR Heat flux vector in material representation
S Entropy
s Specific entropy per unit mass
H Entropy supply
Σ Entropy flux vector
σ Volume-distributed entropy supply
Γ Entropy production
γ Specific entropy production per unit mass
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Θ Absolute temperature
δ Internal dissipation
Ψ Specific strain-energy per unit mass
S Functional
Q Material particle
χT Motion of a material particle at time T
U Group of material points
Q Orthogonal tensor
(•)∗ Quantity associated with an orthogonal transformation
G Symmetry group
Φ Scalar-valued function
Φ Tensor-valued function
O(3) Orthogonal group
SO(3) Proper orthogonal group
m0 Unit vector defines the preferred direction in the reference configuration
I1 First principal invariant of C
I2 Second principal invariant of C
I3 Third principal invariant of C
tr(•) Trace of a tensor field
M0 Structural tensor
(⊗) Dyadic product
adj Adjugate of a tensor field
I4, I5 Two invariant arise from anisotropy
Fˆ Volume-changing (volumetric) deformation gradient
F Volume-preserving (isochoric) deformation gradient
C Unimodular right Cauchy-Green strain tensor
I
C
First principal invariant of C
II
C
Second principal invariant of C
U Volumetric part of a strain-energy function
ψˆi, ψ i Isotropic part of a strain-energy function
ψ˜t, ψ t Anisotropic part of a strain-energy function
I4, I5 Two unimodular invariants arise from anisotropy
Λ0 Length of a material line element in material representation
Λ Length of a material line element in spatial representation
m Unit vector defines the preferred direction in the current configuration
λa Stretch of the bulk material along the preferred direction
Fa Deformation gradient tensor contains only the deformation along the preferred direction
Fr Deformation gradient tensor contains all the remaining deformations
Bˆ Intermediate configuration
mˆ Unit vector defines the preferred direction in the intermediate configuration
λa Isochoric stretch of the bulk material along the preferred direction
E1,E2,E3 Base vectors of Cartesian coordinates relative to the reference configuration
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eˆ1, eˆ2, eˆ3 Base vectors of Cartesian coordinates relative to the intermediate configuration
e1, e2, e3 Base vectors of Cartesian coordinates relative to the current configuration
Ca Strain tensor contains only the deformation along the preferred direction
ICa , IICa , IIICa Principal invariants of Ca
IˆCa , IˆICa , IˆIICa Basic invariants of Ca
Cr Strain tensor contains all the remaining deformations
ICr , IICr , IIICr Principal invariants of Cr
IˆCr , IˆICr , IˆIICr Basic invariants of Cr
ψisca , v Strain-energy functions associated with the deformation along the preferred direction
ψiscr , w Strain-energy functions associated with the remaining deformations
ψvol Modified volumetric strain-energy function
K,α, β Material parameters
T˜vol Volumetric part of second Piola-Kirchhoff stress tensor
T˜isc Isochoric part of second Piola-Kirchhoff stress tensor
Tvol Volumetric part of Cauchy stress tensor
Tisc isochoric part of Cauchy stress tensor
(•)D Deviatoric of a tensor field (•)
B Unimodular left Cauchy-Green strain tensor
Br The left Cauchy-Green tensor of the remaining part
C˜ Tangent operator
σi,j i, j component of Cauchy stress (i, j = 1, 2, 3)
Pij i, j component of 1st Piola-Kirchhoff stress (i, j = 1, 2, 3)
κ Shear stretch
FΘ Thermal part of the deformation gradient tensor F
FM Mechanical part of the deformation gradient tensor F
FˆM Volumetric part of FM
FM Isochoric part of FM
FaM Part of FM constrained along the preferred direction
FrM Part of FM contains all remaining deformations
λM Mechanical stretch along the preferred direction
ζ Thermal stretch along the preferred direction
ϕ Thermal stretch normal to the preferred direction
αa Thermal expansion coefficient along the preferred direction
αn Thermal expansion coefficient normal to the preferred direction
Θ0 Reference temperature
ϑ Temperature difference
JΘ Determinant of the thermal deformation gradient FΘ
JM Determinant of the mechanical deformation gradient FM
EΘ Thermal Gree strain tensor
CΘ Thermal right Cauchy-Green strain tensor
EM Mechanical Green strain tensor
γˆ Total strain tensor in the intermediate configuration
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γˆΘ Thermal strain tensor in the intermediate configuration
γˆM Mechanical strain tensor in the intermediate configuration
CM Mechanical right Cauchy-Green strain tensor
BΘ Thermal left Cauchy-Green strain tensor
AΘ Thermal Almansi strain tensor
A Mechanical Almansi strain tensor
ζ ′ Derivative of the ζ with respect to temperature Θ
ϕ′ Derivative of the ϕ with respect to temperature Θ
LΘ Thermal spatial velocity gradient tensor
DΘ Thermal strain-rate tensor
WΘ Thermal spin tensor
△
γˆ Total Oldroyd strain-rate tensor in the intermediate configuration
△
γˆΘ Thermal Oldroyd strain-rate tensor in the intermediate configuration
△
γˆM Mechanical Oldroyd strain-rate tensor in the intermediate configuration
△
A Total Oldroyd strain-rate tensor in the current configuration
△
AΘ Thermal Oldroyd strain-rate tensor in the current configuration
△
AM Mechanical Oldroyd strain-rate tensor in the current configuration
ψΘ Thermal strain-energy function
ψM Mechanical strain-energy function
λM Isochoric mechanical stretch along the preferred direction
I4M, I4M Invariants arise from anisotropy
IrM First principal invariant of CrM
IM First principal invariant of CM
η Ratio of thermal stretch
p Stress power
SˆΘ Kirchhoff-type stress tensor relative to the intermediate configuration
S Kirchhoff stress tensor
P Mandel stress tensor
Sˆ
vol
Θ Volumetric part of SˆΘ
Sˆ
isc
Θ Isochoric part of SˆΘ
BM Unimodular mechanical left Cauchy-Green tensor
κc Thermal conductivity
κC Thermal conductivity tensor in spatial representation
κa Thermal conductivity along the preferred direction
κn Thermal conductivity normal to the preferred direction
κR Thermal conductivity tensor in material representation
cp Heat capacity
d Thermoelastic coupling
cp0 Heat capacity at Θ = Θ0
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ln Natural logarithm
∂B Surface of the material body B
∂BR Surface of the material body in material representation
∂BC Surface of the material body in spatial representation
∂uB Boundary with prescribed displacement
∂Θ B Boundary with prescribed temperature
ti Starting time of a process
te End time of a process
∂sB Boundary with prescribed stress
∂qB Boundary with prescribed heat flux
∂uBR Boundary with prescribed displacement in material representation
∂Θ BR Boundary with prescribed temperature in material representation
∂sBR Boundary with prescribed stress in material representation
∂qBR Boundary with prescribed heat flux in material representation
Su,t Set of displacement trial functions
Sθ,t Set of temperature trial functions
Vu Set of displacement test functions
Vθ Set of temperature test functions
δu Virtual displacement
δΘ Virtual temperature
u h Approximated displacement of a material body
Nad Matrix containing all shape functions for the displacement field
Nd Matrix containing shape functions for the unknown displacement coefficients
Nd Matrix containing shape functions for the prescribed displacement coefficients
δu h Approximated virtual displacement
Θh Approximated absolute temperature
NaΘ Matrix containing all shape functions for the temperature field
NΘ Matrix containing shape functions for the unknown temperature coefficients
NΘ Matrix containing shape functions for the prescribed temperature coefficients
δΘh Approximated virtual temperature
ua Column matrix contains all coefficients of the displacement field
Θa Column matrix contains all coefficients of the temperature field
u Column matrix contains all unknown coefficients of the displacement field
u Column matrix contains all prescribed coefficients of the displacement field
Θ Column matrix contains all unknown coefficients of the temperature field
Θ Column matrix contains all prescribed coefficients of the temperature field
ǫ A small parameter 0 < ǫ≪ 1
tn+1 Current time step
tn Previous time step
∆t Step size
un+1 Displacement column matrix at time step tn+1
un Displacement column matrix at time step tn
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Θn+1 Temperature column matrix at time step tn+1
Θn Temperature column matrix at time step tn
G A system of non-linear equations
y A vector of unknowns
N Number of time steps
n Time step
s Number of time stages
i Time stage
m Iteration index
ǫu Relative error in displacements
ǫT Relative error in stresses
uk Components of displacement of a discretization under investigation, k = 1, 2, 3
uexk Components of displacement of reference solution, k = 1, 2, 3
tk Components of stress of a discretization under investigation, k = 1, . . . , 6
texk Components of stress of a the reference solution, k = 1, . . . , 6
nevp Number of evaluation points of the background grid
ǫΘ Error in temperature
I Fourth-order identity tensor
C˜0 Elasticity tensor for the case of small deformations
BVP Boundary value problem
IBVP Initial-boundary value problem
DAE Differential-algebraic equation
NRM Newton-Raphson method
DIRK Diagonal implicit Runge-Kutta method
FEM Finite element method
p-FEM p-Version finite element method
h-FEM h-Version finite element method
DOF Degree of freedom
RMSE Root mean square error
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